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§0. Introduction 

In this paper, we study an analog of Hodge and Tate conjectures for local systems 
associated to hypergeometric functions. Let f : X — > S, g : y ^ S be a smooth 

O 



> 



proper family of relative dimension n and m over a smooth variety S over k 



C. Let K be an algebraic subfield of C. The higher direct image sheaf R l f*K 
and W g*K are variations of X-Hodge structures. (For the definition of X-Hodge 
structure, see Section 3.) A flat proper family Z of subvarieties in X xg y of 
codimension n defines the following morphism. 

S I RUK - R\f x g),K n J R +2d {f x g),K - tfg.K 

This is a morphism of variation of K- Hodge structures. A formal X-linear combina- 
tion a flat families of subvarieties in X x 3^ is called a i^-algebraic correspondence 
from y to X. By extending X-linearly, a if-algebraic correspondence induces a 
^ . morphism R l f*K — > R l g*K of variation of if-Hodge structures. 

H ; 

Hodge Conjecture for families of varieties. A morphism R l f*Q, — > R l g*Q of 
variation of Q-Hodge structures over S is induced by a Q-algebraic correspondence. 

If S is a point, it is classical Hodge conjecture. If there exists an action of cyclic 
group \i m on X and y over S, we can define x _ part and x'-part of the cohomology 
group R l f*K( X ) and R J g*K( X ') of and i^if, where K = Q(// m ). Then 

these groups are variations of K-Hodge structures. The -fT-Hodge conjecture for 
families of varieties is formulated as follows. 

i^-Hodge Conjecture for families of varieties. A morphism R l f*K(x) — * 
R l g*K(x') °f variation of K-Hodge structures is induced by a K-algebraic corre- 
spondence. 

In this paper, we study a local system arising from the theory of hypergeometric 
functions due to Gel'fand-Kapranov-Zelevinski. They are called hypergeometric 
sheaves. Let us recall the definition of hypergeometric sheaves. Let n and r be 
natural numbers such that r > n + 1 and ui,...,u r be elements in Z". For 
an element v = (vi,...,v n ) G Z n , we define x v = x^---x^. Let f(a,x) = 
Yli=i a i xUli De a Laurent polynomial in C[a x , . . . , a*, xf, . . . , x^] and U be the 
open set of (C x ) 71+r defined by U = {(x,a) \ f(a,x) ^ 0}. The covering of U 
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defined by u m = f(a denoted by X. The group \i& acts on X 

by the multiplication on U and the character — > Q(/id) defined by the natural 
inclusion is denoted by x- Then we have a constructible sheaf T — R n f*K(x), 
where / : X — > (C x ) r is induced by the second projection (x, a) — > a. We can show 
that the sheaf J r ®K(a'l 1 ■ ■ ■ a^) is defined on a quotient torus (C x ) r_n_1 of (C x ) r 
for a suitable choice of «i, . . . , n r G Q. The descent sheaf is called a hypergeometric 
sheaf. We can prove that the hypergeometric sheaf T is a local system and has a 
pure variation of Hodge structure of weight n for an open set U in (C x ) r_n_1 . The 
main theorem of this paper is stated as follows. 

Main Theorem (Theorem 4 (1) in Section 10). Let T and T' be hypergeo- 
metric sheaves (for the definition of hypergeometric sheaves see Section 2) on an 
open set U in a torus T. If there exists an isomorphism 4> : T — > T' of variation 
of K -Hodge structures on U , then there exists an algebraic correspondence Al and 
a Hodge cycle of Fermat motif F such that = Al ■ F. 

On the other hand, there is an analogous conjecture, Tate conjecture for families 
of varieties. Let F q be a finite filed with g-elements and p be its characteristic. 
Let / be a prime number prime to p and K = Q;. Let S be a smooth variety over 
F q and X — > S and y — > S be proper smooth varieties over S. Assume that a 
cyclic group fid C F x acts on X and y over S. Then for a character x an d x' 
of Hd with the values in K x , we can consider the local system of K vector spaces 
R l f*K(x) and R l g*{x') irv etale topology. For a proper flat family Z of x s y, 
we can define a homomorphism R l f*K(x) ~^ R l 9*(x') as an etale sheaf on S in 
the same way. Therefore a iiT-algebraic correspondence induces a homomorphism 
R l f*K(x) — ¥ R l 9*(x') °f etale sheaves. Tate conjecture for families of varieties is 
formulated as follows. 

Tate Conjecture for families of varieties. A morphism R l f*K(x) ~^ 
R l g*K(x') °f etale sheaves is induced by a K-algebraic correspondence. 

Concerning Tate conjecture, we have the following similar result. 

Main Theorem (Theorem 4 (2) in Section 10). Let T and J 7 ' be hypergeo- 
metric sheaves (for the definition of hypergeometric sheaves see Section 2) on an 
open set U in a torus T. If there exists an isomorphism <fi '■ T T' of etale sheaves 
on U , then there exists an algebraic correspondence Al and a Tate cycle of Fermat 
motif F such that <fi = Al ■ F. 

To prove the main theorem, we recover hypergeometric data from hypergeometric 
sheaves. In this direction, the theory of Mellin transform is useful. To apply the 
frame work of Mellin transform, we must overcome the following points. 

(1) Define Mellin transform as an invariant of local systems. 

(2) Find enough informations from Mellin transform. 

(3) Construct enough algebraic correspondences to generate the equivalence 
relation arising from Mellin transform. 

We will discuss these points for k = C and k = F q . The case k = C. 

(1) For a local system on an open set, one can naturally extend to a perverse 
sheaf. They have a structure of cohomological mixed Hodge complex. Using 
this, the Mellin transform is an invariant of local systems. The argument is 
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(2) Hodge numbers provide us enough ample informations to detect hypergeo- 
metric data up to some equivalence. This part is quite easy. (See Section 9 
Proposition 9.1(1).) 

(3) We construct two kinds of algebraic correspondences; one is constant corre- 
spondence and the other is multiplicative correspondence. In [GKZ], they 
assume the condition Yli=i K i which is not preserved by constant alge- 
braic correspondences. We study in more general setting. As a consequence, 
we study all together 4 types of constant correspondences. It is unified in 
confluent hypergeometric functions. We do not take this approach since 
they are not algebraic. 

The case k = F q . 

(1) We should also extend the local system to torus by using perverse sheaf. 
Except the argument for cohomological mixed Hodge complex, it is similar 
to the case k = C. 

(2) We use the p-adic order of the Frobenius on Mellin transform. It is enough 
ample to detect the equivalence class for hypergeometric data. In this case, 
p power Frobenius action on characters gives another relation. A typical 
example is a relation g(x p ,i>) = <7(x>V0- ( see Section 8 for the notation of 
Gaussian sum.) Existence of this equality give rise to an subtle arithmetic 
relations between p-adic value of cohomological Mellin transforms. To con- 
trol these relations, we need Proposition 9.1.(2). We prove Proposition 9.2 
(2) in Appendix. By the existence of this equivalence, it is not natural to 
assume £V Z; = 0, which is necessary for the case k = C. 

(3) In the case k = ¥ q , two kinds of correspondences; constant correspondence 
and multiplicative correspondence is not sufficient. We need Frobenius cor- 
respondence for hypergeometric data. 

Let us explain the contents of this paper. In Section 2, we introduce hy- 
pergeometric data and hypergeometric sheaves. Hypergeometric data is a triple 
D = (R, {li}i, {Ki}i) where R is a finitely generated Z-module, U is a homomor- 
phism Zj : R — > Z and Ki is an element of I m (k, K) — Hom( i u m (fe), fi m (K)). For a 
hypergeometric data D, we define a constructible sheaf G(D) (resp. Q(D,ip)) on 
T(R) = Spec(k[R\) if k = C (resp. k = F q ). The sheaves Q{D) and G(D 7 ip) are 
called hypergeometric sheaves. At the end of Section 2, we prove the perversity 
and irreducibility of hypergeometric sheaves. The proof is analogous to that in 
[GKZ]. We review the definition of variation of K-Hodge structures in Section 3. 
We introduce a variation of X-Hodge structures on the restriction of hypergeomet- 
ric sheaves G(D) to an open set U in T(a). We define a multiplicative equivalence in 
the set of hypergeometric data in Section 4. We show that the resonance condition 
is stable under this equivalence relation. Multiplicative relation is related to Gauss 
multiplication formula (See [T].): 

T(ns) = n ns - i l£k£yl±ll . 

This relation produces non-trivial relation between hypergeometric sheaves. In 
Section 6, these relations are proved to be induced by an algebraic correspondence. 
Before constructing these algebraic correspondences, we introduce constant equiv- 
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correspondence for constant equivalence has different aspects for k = C and k = F q . 
In the case k = C, we should discuss algebraic correspondence separately according 
to Yli K i 7^ or J2i K i = 0- Here we use the irreducibility of Q{D) and Q{D, ip). In 
Section 7, we give algebraic correspondences related to Frobenius action on char- 
acters. Since this equivalence relation does not respect the condition, J2l=i h = 0, 
we do not assume this condition if k = F q . In Section 8, we define the cohomolog- 
ical Mellin transform. The key proposition, Proposition 9.1 is proved in Section 9 
(k = C) and Appendix (k = F q ). The proof for the case k = F q is inspired by the 
work of [KO] and [A] . 

Hypergeometric sheaves for the case k = C and k = F q have similar aspects in 
many points. Nevertheless, we do not work with the same category. If k = C, we 
treat hypergeometric sheaves with only regular singularities. On the other hand, if 
k = F ? , we treat hypergeometric sheaves with wild ramification. 

Acknowledgement. The most of this work was done during JAMI project in Johns 
Hopkins University. The author express his thanks for the hospitality. 

§1. Notations 

Let k be the complex number filed C or a finite field F q of q elements and p be the 
characteristic of k. Let V be a vector space over Q. A free Z module L of V is called 
a lattice if L®Q = V. A finitely generated free Z module is also called a lattice. For 
a lattice L of V, T(L) denotes a torus defined by Spec(/c[L]), where k[L] is a group 
ring over k. Let Z( p ) be the localization of Z at p. For an element v G L® Z( p ), the 
corresponding Kummer character on T(L) is denoted by k(T; v) or k(v) for short. 
K denotes the field UjvQ(Ativ) where hn denotes the group of roots of iV-th power 
of unity if k — C and Qi if k = F q , where / is a prime number prime to p. The 
rank 1 local system on T(L) corresponding to the Kummer character k(T(L), v) is 
denoted by K(T(L);v) or K(v). The sheaf K(T(L);v) is a trivial sheaf of T(L) if 
v e L and for any sublattice Mcl, K(T(L); v) has a canonical descent data over 
T(M). For a subvariety Z of T(L), the restriction of K(T(L), v) to Z is denoted 
by K(Z,v). For a set of variable, for example x = (xo, ...,x n ), T(x) and A(x) 
denotes a torus and an affine space Spec k[x$, . . . , x^] and Spec k[xo, . . . , x n ] whose 
coordinates are given by the corresponding variables. 

For a real number a, < a > denotes an element in R such that < a >= 
a ( mod Z) and < a < 1. For fields E,F, I m (E,F) denotes the set 
Hom(// m (£'), /i m (F)) and I(E,F) denotes the inductive limit of I m (E,F) for all 
m. Then 7(C, C) is canonically isomorphic to Q/Z and /(F g , Qz) is isomorphic to 
Z( p )/Z if we fix a extension p of the ideal (p) to the algebraic closure of Q in Q;. 

§2 Hypergeometric data and hypergeometric sheaves 

§2.1 Hypergeometric data 

In this section, we define hypergeometric sheaves associated to a data 
(R, {li}i, {Ki}i) called hypergeometric data. Let n, r be positive integers such that 
r — n — 1 > and R be a lattice of rank r — n — 1. A set {/i}i,..., r of homomorphism 
li : R — > Z is called primitive if the induced homomorphism 1 = (li,...,l r ) is a 
primitive injection, i.e. R is identified with a submodule of Z r via the homomor- 
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for all i 7^ j, there exists no r G R such that ^(r) = 1, lj(r) = — 1 and k(r) = for 
all I ^ 

Definition. Let k be C or F q . The triple D = (R, {h}i=i,...j, {Kj}i=i,...,r) is called 
a hypergeometric data if 

(1) A set of homomorphism ij : R — > Z (i = 1, . . . , r) is primitive and separated. 

(2) If = C, we assume Yli=i ^ = 0- 

(3) Ki eI{k,K) (i = l,...,r). 

In this section we construct a sheaf ^(-R, = or 

£(.R, = G(D, ip) called a hypergeometric sheaf on a torus T(i?). Let 

L be the cokernel of the morphism 1 = (Zi, . . . , l r ) : R — > Z r . 

0->-R->Z r ->L->0. 

The element in /c[Z r ] corresponding to the i-th canonical generator is denoted by 
dj. The natural homomorphism Z r — > L is denoted by g. The image <?(e„) of = 

i 

(0, . . . , 1, . . . , 0) in L is denoted by uji G L. For an element v G L, the corresponding 
element in k[L] is denoted by x v . The image (q <g> 1)(k) of k = G Z r ® I(k, K) 
under the natural homomorphism q <g> 1 : Z r ® if) — > L ® if) is denoted by 
a. 

§2.2 Hypergeometric sheaf for k = C. 

By the condition (2) of hypergeometric data, the homomorphism given by the 
summation E : Z r — > Z; (iti, . . . , u r ) i— > Xli=i u i factors through L. The induced 
map from L to Z is denoted by h. The kernel of ft is denoted by Lq. Then C[Lq] can 
be identified with a subring of C[L]. The element in C[Z] and C[L], corresponding 
to 1 and u G L is denoted by xq and x u respectively. 

Proposition 2.1. Let i> G L smc/i £/ia£ ft(v) > anrf ai, . . .a r 6e elements in C x . 
T/ien /or a Laurent polynomial f = YH=i a i xU)i > (f) h ^x~ v is an element in C[L]. 

Proof. Since h(v) > 0, it is an element in C[L]. The subring C[Lo] in C[L] is 
characterized as follows. For a C-algebra homomorphism fx : C[Z] — > C, the map 
i-> a^o)^^™ defines a ring endomorphism T M : C[L] -> C[L] of C[L]. The 
subring C[L ] is characterized by 

{/ G C[L] | T M (/) = / for all ^ : C[Z] - C}. 

Since 

T M (/^)x-")=(^a l T M (^)) /l( "V(^o)-^ ) ^- u 

i 
i 

— fHv) -v 



we obtain the proposition. 
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Corollary. Let f be as in Proposition 2.1. The ideal (/) in C[L] is defined over 
C[L], i.e. if we put I f = (f) U C[L ], then I f C[L] = (/). 

Now we consider the relative situation. Let a be a system of variables a = 
(ai, . . . , a r ). Let / be a polynomial in C[af ] ® C[L] defined by 

r 

i=i 

Case h(a) ^ 

The subvariety of T(a) x T(L) defined by {/ = 1} is denote by X and the 
composite X — > T(a) of the natural inclusion X — > T(a) x T(L) and the first 
projection T(a) x T(L) — > T(a) is denoted by The element x Q defines a rank 
1 local systems K(T(L);x Q ) and K(X;x a ) of K-vector spaces over T(L) and X. 
The i-th higher direct image sheaf of K{X; x a ) by (p is denoted by R l (p*K(X; x a ). 

Case = 

By the Corollary to Proposition 2.1, the variety A" = {(x,a) € T(L) x T(a) | 
f(a,x) = 0} is defined over T(Lo), i.e. there is unique subvariety of T(Lo) x T(a) 
such that X' is isomorphic to the pull back of X. Under the condition h(a) — 0, we 
show that the rank 1 local system K (YYi=i( xUJi ) Ki ) corresponding to the Kummer 
character k(T(L) x T(a); 111=1 O^)**) is naturally descent to T(L ) x T(a) via 
the the morphism T(L) x T(a) — > T(L ) x T(a). To prove this, it is enough to 
show that the element n[=i( a:Wi ) Ki * s invariant under the automorphism for any 
algebra ho mo morphism fj, : C[Z] — > C. Since 

r r 

i=i i=i 

i=i 

we have the claim. The restriction of the descent sheaf to the variety X is denoted 
by K(X;x a ). Let <p be the composite of the closed immersion X — > T(L ) x T(a) 
and the second projection T(Lq) x T(a) — > T(a). The i-th higher direct image of 
K(X;x a ) is denoted by R l (p*K(X; x a ). 

The element a K = (0,^)1 € Z r ® /(C,^) defines a rank 1 local system of K- 
vector spaces K(T(a); a K ). We descend the the sheaf R i ip^K(X; x a ) <g> if(T(a); a K ) 
to T(i?) via the natural morphism T(a) — > T(i?) arising from the homomorphism 
1 : R — > Z r . Since we have the natural exact sequence 

► R ► Z r © Z r ► Z r © L ► 

r I— > (r, — r) 

(a, 6) h-> (a + 6, <?(&)) 



TU„ -CI J J- T-i/„\ w TV \ • ; J j_;£;„J „ -J.U T>/„\ w Tl/ r \ „ „ j 4.1 „ r„ll„ •„ 
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diagram commutes. 

T(a) x T(jR) T(a) 

Wl / \ P r 2 

T(a) «. ~ T(a) 

pri \ / m 

T(a) x T(L) 

Here m is given by the homomorphism of the modules 

Z r ^Z r ©L;w^ (u,q(u)). 

Proposition 2.2. Let £ = Q{D) = TL n ip*K(X; x a ) <g> K(T(a);a K ) or 
R n -V*^(^f;^ Q ) ®K(T(a);a K ) according to ELi ^ ^ or £- =1 = T/ien 
£/iere exists a natural isomorphism 4> 

4> : m*(Q) ~ pr^(^) 
which satisfies the cocycle condition for descent data via the isomorphism i. 
Proof. First we consider base change diagrams of X: 

X\ ► X < X2 



T(a) x T(L) ► T(a) < T(a) x T(L) 

Here pr\, m* are the ring homomorphisms 

C[a±]^C[af,y v ] veL 

given by pr\(ai) = ai and m*(ai) = aiy UJi with a new set of variable y v (v G L). If 
Ei=i R i 7^0 (resp. El=i K i = 0), the defining equation of Ai and A2 is given by 

r r 

X x : diX^ = 1, ( resp. X x : ^ a.x^ = 0) 
i=i i=i 

r r 

*2 : ^2aiy Wi x Wi = 1, ( resp. X 2 : ^a^'^x^ = 0). 



i=i i=i 

Therefore the automorphisms of C[af, x v , y v ] v &L and C[af , x v \ y v ] v 'eL vel given 
by 

b* : at ^ ai, x v i-> x v y v , y v i-> (ELi K i ^ °) 

b'* : ai i-> ai, x v ' h-> x v 'y v \y v h-> y u (El=i K ; = °) 
induce isomorphisms A2 — > A4. The base change of Kummer character associated 
to a? 1 • • • a^x a G (Z r © L) <g> 7(C, K) on # to #1 and A" 2 are given by af 1 • • • a^x Q 
and 



i=i 

r 

= (II< < )^ Q 
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respectively. This two Kummer character on X x and X 2 corresponds to each other 
via the isomorphism and <j>' constructed as before. 

Definition. The sheaf obtained by descending Q{D) to T(R) is denoted by Q{D). 
The sheaf Q{D) is called hypergeometric sheaf for a hypergeometric data D = 
(R,{h}i,{Ki}i). Note that, Q{D) is the equal to R n ip*K{X;]X i=1 {a i x UJi ) Ki ) or 
R n - X ^,K{X- nLiK^) Ki ) according to £[=i Ki ^ or £[ =1 «i = 0. 

We compare the sheaf G(D) and the sheaf associated to Gel'fand-Kapranov- 
Zelevinski (=GKZ for short) hypergeometric functions by choosing a suitable base 
of L under the assumption ^I=i K i 0. Let s : Z — > L be a section of ft and 
take a base of L ~ ©" =1 Z^. Then the ring C[7 ] and C[L] can be identified 
with Laurent polynomial rings C[xf,--- ,x„] and C[x^, xf, ■ ■ ■ ,x„], where xi 
corresponds the element Vi of L and xq corresponds to the image of 1 G Z un- 
der the section s. Using the base of 7, the element u>i is expressed as (l,u>i) with 
uji G Z n . Then by the definition of 7, it is generated by u^. We introduce a sys- 
tem of variables x = (xi, . . . , x n ) and use the common notation for multiple index: 
x v = x± x ■ ■ ■ x^ n for v G Z n . Then x Wi = x x UJi and the defining equation of X is 
xofo(a>i, ■ ■ ■ ,a r ,xi, ...x n ) = l, where f = Yh=i ■ If we write 

a = (« , at, ■ ■ ■ , ot n ) G 7 <g) 7(C, 7T) ~ Z n+1 ® 7(C, 7T), 

then the corresponding Kummer character on X 

fo^Xi 1 ■ ■ -x™ n , where ao = h(a) = Y^i=i K i Let U be the open set of T(x) x T(a) 
defined by U = {(x,a) G T(x) x T(a) | fo(a,x) ^ 0}, where a; = (xi,...x n ). 
The rank 1 local system corresponding to the Kummer character /q^x^ 1 ■ ■ ■ x% n 
is denoted by K^x 01 ). Then R % (p*K{x a ) is identified with R i Cp^K u {x 01 ), where 
<p :IA — > T(a) is the composite of the open immersion to T(x) x T(a) and the sec- 
ond projection. This is nothing but the local system defined by Gel'fand-Kapranov- 
Zelevinski. Note that is it is independent of the choice of the base 7 given as above. 

§2.3 Hypergeometric sheaf for k = F q 

In this case, we use an extra parameter t. Let X be the subvariety of T(x) x 
A(t) x T(a) defined by; 

X = {(x, t, a) G T(x) x A(t) x T(a) | /(a, x) = t}, 

where f(a,x) = Y^i=i a i xUJi • Let cp : X — > T(a) be the composite of the natural 
immersion X — > T(x) x A(7) x T(a) and the third projection T(x) x A(t) x T(a) — > 
T(a). Let -0 be a non-trivial additive character •0 : F p — * Q;. Let 7r : A(r) — > A(t) 
be the Artin-Shreier covering defined by t = r p — r. The character -0 of the 
covering transformation group F p defines a rank 1 local system C$ of A(£). This 
local system is called the Lang sheaf. The pull back of by the projection to the 
t-line is denoted by (t) . We can prove the following proposition in the same way. 

Proposition 2.3. The sheaf R n ^(K(X;x a a K ) <g> C^(t)) = R n ip*{K{X;x a ) <g> 
£>4>(t)) ® 7<(T(a);a K ) on T(a) can be canonically descent to a constructible sheaf 
<3{D,^) on T(R). 

Definition. The sheaf Q(D,ip) is called the hypergeometric sheaf for a hypergeo- 
metric data. 7) if h = F„. 
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§2.4 Properties of hypergeometric sheaves 

Now we recall several properties on R l <f>*K(X;x° l ). Let A be the convex hull of 
Ui and and C(A) be the convex cone generated by A in L®R. For a codimension 
1 face a of C(A), H a denotes the linear hull of a and h a denotes a primitive linear 
form defining H a . An element a G L <g> I(k,K) is called non-resonant if h a (a) is 
not zero. (Note that if A contains as interior, there is no codimension 1 face in 
C(A)). For a face a of A, we define f a by 

u>i eo- 
Let a^ ) G T(a). The polynomial f(°'(x) = f(a^°\x) is said to be non-degenerate 
if the variety {f^ = 0} is smooth in T[L] for all the faces a of A. A point 
a(°) is called non-degenerated if /(°) is non-degenerated. The open set consisting 
the non-degenerate point in T(a) is denoted by U a . It is easy to see that for a 
point r^ -* G T(R), all the points in l _1 (r^°- ) ) is non-degenerated if a point in 
l -1 (r(°)) is non-degenerate. A point in T(i?) is called non-degenerate if there 
exists a non-degenerate point in l _1 (r(°)). The open set of T(R) consisting of 
non-degenerate point is denoted by Ur. 

For k = C or F, we have the following proposition. The related statement for 
P-module, it is proved in [GKZ]. 

Proposition 2.4. 

(1) Let k = C. If a is non-resonant, then the restriction of R n <p*K(X;x a ) 
(resp. R n ~ 1 ip^K(X; x a )) to the open set U a is a local system of K vector 

spaces if Y!i=i K i ^ ( res P- E;=i K i = °)- 

(2) Let k = F q . If a is non-resonant, then the restriction of R n p*K(X;x a ) <E> 
C^(t) to the open set U a is a local system of K vector spaces. 

Proposition 2.5. Suppose that a is non-resonant. 

(1) Let k = C. The natural homomorphism 

R l ^K(X-x a ) -> lV(p*K(X;x a ) 

is an isomorphism. As a consequence, K L ip*K(X- ) x a ) is unless i = n 

(resp. i = n-l) if El=i K i ^ ( res P- El=i K i = °)- 

(2) Let k = F q . The natural homomorphism 

R l ^K(X- x a ) <g> C^[t) -> lV(p*K(X; x a ) <g> £,/,(£) 

an isomorphism. As a consequence, R l tp*K(X; x a ) <g> £^(t) is unless 
i = n. 

(3) Let k = C. TTie constructible sheaf R n ip*K(X;x ct ) 
(resp. R n ~ 1 Lp*K(X; x a )) is an irreducible perverse sheaf. As a conse- 
quence, the restriction of R n (p*K(X;x ot ) (resp. R n ~ 1 Lp^K(X; x a )) to U a 
is an irreducible local system of K-vector spaces. 

(4) Let k = F q . The constructible sheaf R n tp*K (X ; x a ) ® C^(t) is an irreducible 
perverse sheaf. As a consequence, the restriction of R n (p*K(X;x a ) <g> A/,(£) 
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Proof. We use a method of Fourier transform. First we prove the following Lemma 

First we prove the propositions for k = F q . Let y v (v G L) and b = (bi, . . . , b r ) be 
systems of variables. Let j : T(y) — > A(6) be the morphism defined by q : N r — > L. 

Lemma 2.6. Under the resonance condition, R l j\K(T(y); y a ) — > R l j*K(T(y); y a ) 
is an isomorphism. 

We use toric geometry. Let Aq be the image of the semi-group homomorphism 
N r — > L. Then Aa = Spec/c[A ] is the closure of the image of j. Let A be 
the intersection of the convex hull Ar of q(ei) = Ui in L <g> R and L. Then 
A a = Spec k [A] is the normalization of Aa - Let F be a regular triangulation of 
the dual fan F = {C b \ b E A R } of A R , where C b = {x G L* <g> R | (x, b' - b) > 
for all 6' G Ar}. Then the toric variety -X"(.F) is a smooth variety and the natural 
morphism p : X(F) — > Aa is proper. Therefore the composite n : X(F) — > A(6) 
is proper. Let j : T(y) — > be the natural open immersion and D be the 

complement of T(y) in X(F). 



To prove the lemma it is enough to prove Rpi(C) = 0, where C is the mapping 
cone; C(Rj\K(T(y); y a ) — > Rj+iif (T(y); y Q )). Therefore, it is enough to prove that 



for all i,k and x G A& . Let D = Sp be the decomposition of D by toric 

strata, where A denotes a set of positive dimensional cone in F. By the long exact 
sequence for cohomologies with compact support, to show (1), it is enough to prove 
that 



Let L* be the intersection of R- vector space generated by a and the lattice L* . 
The element a G L <g> I(k,K) defines a homomorphism ap : L* — > I(k,K). It is 
easy to see that 



The restriction of p to — > A a corresponds to the primitive embedding L^/ — > L^, 
where is the minimal cone in F containing (3 and Lp and L^/ is a primitive lattice 
of L annihilated by all the elements in j3 and j3' respectively. If R l j*K(T(y); y a ) \s 
does not vanish, a G Lp <g>I(k, K). On the other hand, by the resonance condition, 
a <£. Lp> ® I(k,K). Therefore, K(Sp;y a ) has not trivial monodromy along fibers. 
Therefore the equality (2) holds. This completes the proof of the lemma. 

Proof of Proposition 2.5. Let k : A(a) x T(y) — > A(a) x A(6) be the product of 
the inclusion given in Lemma 2.6. Let T = Hj\K(T(y);y a ) = Hj*K(T(y); y a ). 
Let P(6), Ho(b) and k be the projective space compactifying A(6), P(6) — A(6) 

„„J J-U„ „; /„ . A f „\ w A /U\ . A /„\ Ti/U\ rpi „ „u „„f t-'/Tl/ A. „.q\ 



T(y) ^ X(F) *► A A A A(6) 



(1) 



iJ^-^i^^T^y") | Dnp -i (iB) ) = 



(2) 



W c (p- 1 (x)nSp 1 R k lK(T(y);y a ) | s<s np-i) = 0. 




if ck^ = 
if ct/j 7^ 0. 
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has trivial monodromy on some tame covering P(6) of P(6). Since A/>(X)i=i a ih) 
ramifies wildly along Hq, the natural homomorphism 

r r 

i=l i=l 

is a quasi-isomorphism. On the other hand, (Af; x a ) ® C^(t) and 

R l (p^K(X;x a ) ® C^{t) are isomorphic to Rprii(R/c!(pr2-ftr(y a ) <S> £v(Si=i a A))) 
and Rpr lH< (RA; J|! (pr2-ftr(y Q ) <E> A/>(X)i=i respectively, where pr\ : A(a) x 

P(6) — > A(a). Since pri is proper, we get the proposition. 

We get Proposition 2.5 for fe = C by reduction mod p. Let D = (R, {Ki}i) 
be a hypergeometric data for = C. By choosing an embedding Q(/id) — * Qz, 
the sheaf R l tp*K{X\ \X1=§ x ?) ® * s considered as an etale cohomology. Let <i 
be the common denominator of Ki (i = 1, . . . , r), p be a rational prime prime to 
<i and p be a prime of Q(/Xd) over p. The residue field «(p) at p is a finite filed 
F q . Since the variety X is defined over Q(//d), we can consider the reduction 
of R % tp*K{X\ nr=o ® Qi( moa - P) a t P usm S obvious model over Z[fXd\- On 
the other hand, the data D is also a hypergeometric data for k = F q . The va- 
riety defining hypergeometric sheaf over F q is denoted by X^ and the natural 
morphism X^ p > — > T(a) is denoted by ip^ for k = F q . We compare the sheaf 
R l ^K{X- niLo ® Qi( mod P) (resp. R l ^K{X- ]\ n i=0 xf) <g> Q,( mod p)) and 

ff^^lIl^O®^^)- ( res P- R^\ P) K(X^;Uto x ?) ® •) The 

following proposition completes the proof of Proposition 2.5 for k = C. 

Proposition 2.7. M^e /im>e £/ie following isomorphism 

n 

R^i p) K(X^;Hxt)W 

i=0 

" I ^-V*^(^;iir=oO®QK-i)( ^P) 



( if a = 0) 



i=0 

R'-^iKiX-W^xf) ^Qii modp)®g(a ,^) ( ^/ao^O) 

^-Vi^Iir^O^QK- 1 )! ™ orf P) ( */ao = 0), 

where (7(0:0, V 7 ) ^ s a Gal (F q /F q ) -module whose action of Frobenius is the multipli- 
cation by the Gaussian sum 



9-1 



where Xa is a character ofF q defined by Xa( x )( m °d P) = x 
Proof. We take a base of L ~ ©™ =0 Z such that the 0-th projection coincides with 
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denotes the system of variable x = (xi, . . . ,x n ). Then the image of e$ under the 
morphism q : Z r — > L is denoted by (1, u>i). We define fo = YH=i &iX Wi • Let X and 
A'^) be the variety over Q(nd), F q and W defined by 

X = {(x ,x,a) e T(x ) x T(x) x T(a) | x /o(a,a;) = 1} 

X^ = {(x ,x,a,t)eT(x ) x T(x) x T(a) x A(t) | xofo(a, x) = t} 
W = {(x ,y,t) e T(x ) x A(y) x A(t) \ x Q y = t}. 

Consider the following fiber product; 



T(a) x T(a) — — ► A(y) 

(a,x) i-> fo(a,x) 

The pull back pr^C^ of the Lang sheaf £^ on A(£) under the morphism — > 
A(t) is also denoted by for short. Let K(W;xq°) be the rank 1 local system 
corresponding to the Kummer character Xq° on W. Then K(W; Xq°) <E> £^ is a 
local system on W. Since the morphism F is smooth, we have 



The sheaf ^^(^(W; xjj ) <g> A/,) and a^°) <g> Cj>) are computed as 

follows. If ao is not trivial, 



R l n*(K(W;x™»)(g)£^) 
B*iri(K(W;x^°)<S)£^) 

and if «o is trivial, we have 



%K{y-^)®g{x^^) ( if z = 1) 

(ifi^l) 

j ! K(y-«o)®^(^ ,V) (ifi = l) 

(ifi^l) 



(ifi = l) 
(ifz^l) 

(ifi = l) 
( if i = 2) 
(if 1,2), 

where j and z are the natural inclusions T(y) — > A(y) and {0} — > A(y). Note 
that the variety is isomorphic to an open subset U of T(x) x T(a) defined by 

TT r/™ „\ r- Ti/™\ Tl/„\ I \ I nl rpl „. i „, U:„™ -f ™ Tl/„\ . . (Tl/ \ 
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to T(a) is denoted by ip' . If a 7^ 0, then we have 



R4 P) K{ X<p) ■ x *o JJ x «* ) (g, (t) 

n 

~R^[(R<(F / )*(K(W; a£°) ® ® K(T(x) x T(a); J] xf*)] 

i=l 

n 

~R^[(F*R7r*(K(W;^ )(g)£ v ,(t)))«)K(T(a;) x T(a); )] 

n 

— R-V 9 * (F*j*K(y~ ol ° ) ® K(T(x) x T(a); J] xf*)) ® <7«°, V)[-l] 

n 

~R V */jr(^;xS ,0 IJO®^o »V')[-l]- 



i=l 



i=l 



Similarly, we have 



i=l i=l 



If cto = 0, by using exact sequence and triangle 



0^ jij*K(T(x) x T(a);n< i ) - ^(T(x) x T^);]^ ) 

i=i i=i 

i*rK(T(s) x T(a); JJ xf) -> 



i=l 



K(T(x) x T(a);JJa;f *)[-!] -> ^Rtt^ (8) iT(T(x) x T(a); jjxf 4 ) 

i=i i=i 

n 

^(T(x)xT(a);IIxf')(-l)[-2] +1 



i=i 



where j : U -> T(x) x T(a) and i : T(x) x T(a) - E/" -> T(x) x T(a) and 



Rv?;K(T(x) x T(a); - and Rip\K(T(x) x T(a); JJxf) ~ 0, 
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we have 

n 

i=i 

n 

^;(R<(F')^(t))®i^(T(.)xT(a);I]xr) 

i=l 

n 

~^{F*lK)®K{T{x) xT(a);[]<')(-l)[-l] 

n 

-BtfM'KiTix) x T(a);]>r))(-1)[-1] 

i=l 
n 

^i(w^(T(x) x T(a);n*f ))(-l)[-2] 

i=i 

and 

n 

n 

~R^(R7r((F')*A/,(£)) ® K(T(x) x T(a); JJxf 4 ) 

i=l 

n 

~Rv?;F*(R7r!^(t))®K(T(x) x T(a); JJxf ) 

i=l 

n 

~Brf(uirK(T(x) x T(a) ; n< < ))(-l)[-2]- 

i=l 

Therefore we have the proposition. 

As a consequence, we have the following corollary. 

Corollary. If k = C (resp. k = F q ), a hyper geometric sheaf Q(D) (resp. Q(D,tjj)) 
is an irreducible perverse sheaf. 

Definition. Let T be a torus over k = C (resp. k = F q ). A local system F 
on an open set U in T is called hypergeometric sheaf if there is an isomorphism 
(p : T — > T(i?) and a non-resonant hypergeometric data .D such that the restriction 
<j)*G(D) \u (resp. <f>*G(D,ip) \u) of <j>*G(D) (resp. <j>*G(D,if>)) to £/ is isomorphic 
to J 7 on T. 

§3 Variation of K-Hodge structure 

Throughout this section, we assume that k = C. First we give the definition 
of variation of Hodge structures. Let S be a complex manifold and n be a non- 
negative integer. A variation of K- Hodge structure is a datum (V, (F*)) consisting 
of 

(1) a local system V of X- vector spaces on S and 

(2) a decreasing filtration F* by locally free Og-module on F <8>k,<t Os for all 
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For this data, we insist the following conditions on F*; 

(1) For any point s G S, the natural homomorphism 

(F*) fl © (1 ® c)(FD s - K ® K ,„ C 

is an isomorphism, where a is the complex conjugate of the embedding a, 
c the complex conjugate, and 1 © c the natural homomorphism 

1 <g> c : V~ s <g) K ,a C -> V~ s ® K)CT C. 

(2) (Griffith transversality) Let V CT be the connection on V defined by 
f <g) d : V 0s -> f ®K,a Th en V CT (F^) C F*~ 1 ® f2* . 

Let F = (F, {k}i, {Ki}i) be a hypergeometric data and Ur be the open set of 
T(F) consisting of non-degenerate points. We introduce a variation of F-Hodge 
structure on the local system G(D) \u R . For simplicity, we assume X)i=i K i 7^ 0- 
For the case X][=i K i = 0? we can define the variation of Hodge structure in the 
same way. Let m be the minimal common denominator of k. Then we have k G 
Z r <g> I m (C,K). The super lattice ±L of L is denoted by M. We identify the 
polytope A in L © R with that in M © R. For a no n- negative integer z, the C 
subspace of C[M] generated by the set of monomials {m G M \ m G z'A} is denoted 
by Lm(zA). Let « be a indeterminacy. The ring R = @i> LM{i&)u l is a graded 
ring with deg(-u) = 1. The projective variety Proj(F) is denoted by Pa- This is a 
toric variety associated to the fan Fa = {Cb}beA, where 

C b = {x G (L)* <g> R I (x, b' - b) > for all 6' G A} 

We take a regular triangulation F of the fan Fa with respect to the lattice M. 
Then the associate toric variety X(F) is smooth. The closure of the pull back 
of the divisor X G T(L) x T(a) in X(F) via the morphism T(M) x T(a) -> 
T(L) x T(a) is denoted by A?m- By the definition of non degeneracy, the restriction 
(fM '■ %m \u a —* U a of the morphism Xm — > T(a) to the open set t/ a is a smooth. 
Therefore F l </?M*F is a variation of F-Hodge structure on U a . By the construction, 
the covering group Aut(T(M)/T(L)) ~ Hom( (M/L), jj, m {C)) acts on the variety 
X M - The element a G L © /(C, F) defines a character of Aut(T(M)/T(L)). By 
the non-resonance condition, R l (p*K(X; x a ) \u a is naturally isomorphic to the a 
part (FVm*F)(ck) of FVm*F. It defines a variation of F- Hodge structure on 
FV*^0*> a ) k- 

§4 Multiplicative equivalence 

In this section, we fix a lattice R. Let J = [1, r] and F = (F, {h}i£i, {Ki}i E i) be a 
hypergeometric data. A permutation a of the index /, gives another hypergeometric 
data D a = (F, {l a (i)}i, {i^a(i)}i)- The sheaf G{D) and G(D a ) are isomorphic to each 
other. Therefore we use the notation D = (h,Ki) © ••• © (l r ,K r ) = ®\=\{li-Ki)- 
Notice that (h,Ki) is not necessarily a hypergeometric data. More generally, for 

data {{h}iei,{Ki} ie i) and ({lj} je J, Wj}je j), ({^}ie/U{/5}jeJ»{«i}*e/U{«J}jej) 
is expressed as ({/;} ie /, {K;}i e /) © ({/^}j e j, {^}j e j) and so on. We use the above 
notation even though each terms do not satisfy the conditions for hypergeometric 
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Remark. The notation © corresponds to convolution product in [G-L]. 

If l\ = • • • = l r = I, {h}i=i,... r is denoted by V . Let (I be a positive natural 
number prime to the characteristic p. For an element k G I(k,K), the inverse 
image of the multiplication by d on I{k, K) is denoted by ^{n}. The cardinality of 
this set is d. Let D = (R, {h}i.{K}i) be a hypergeometric data. Suppose that U is 
not equal to and divisible by d. We define the hypergeometric data D^ ,d "> by 

^ M) = e^(^,^)©((^) d ,^{«i}) 

By the following lemma, _D(*> d ) satisfies the conditions of hypergeometric data. 

Proposition 4.1. The data is separated. If D is non-resonant, then 

is also non-resonant. 

Proof. We assume d > 1, i = 1. If (li/d)(r) = 1, this r does not give non separated- 
ness criterion. If h(r) = 1 and lj(r) = 1 and Zfc(r) = for r ^ and h(r)/d = 0. 
Then this contradicts to the separatedness of the data D. Before proving the res- 
onance of D^' d \ we give a description of L^ 1 ^ = Coker^ 1 - 4 *) : R -> Z d © Z 7 ^ 1 ), 
where !(i,d) = (/( 1 ' d )) i i s given by the data D^ 1 ^ = (R, {«f' d) }i). Let 

i 

be the natural projection Z © Z r_1 and the image of ((0, . . . , 1, . . . , 0), (0, . . . , 0)) 

i 

(z = 1, . . . , d) and ((0, . . . , 0), (0, . . . , 1, . . . , 0)) (j = 2, . . . , r) under the homomor- 
phism denoted by r\i and respectively. By the definition, Z/ 1 '^) is gen- 
erated by r\i and (i = l,...,d,j = 2, ...,r). By the following commutative 
diagram, the submodule Q of L generated by Ui (i = 2, . . . , r) and dw\ is isomor- 
phic to the submodule of L^ 1 ^ generated by u)i (i = 2, . . . , r) and rji + h r\d- 

R 

1 (M) / \ 1 



Z d ®Z r ~ 1 



( l -±,l 2 ,...,l r ) z©z 



r-1 



(A,l)\ /(d,l) 
Z©Z r " x 

Therefore L (M) is isomorphic to (Q © ® d =l Zrn) / (ni H h ??d - du;i)Z. Then by 

the definition of a = q(n) and o^ 1 '^ = q^ 1 '^^ 1 '^), 

r 



i=2 

i=l i—2 



Let A and A^ 1 '^ be a convex hull of {uJi}i=i...., r U{0} and {?7i}i=i,...,dU{o;j}j = 2,...,rU 
{0} in L©R and L^'^^R respectively. Since the barry center + - ■ ■+rjd)/d = io\ 

„f „ „ ;„ -t„; — A ;„ A A (l.d) ■ „ „„„ u.-ll „f A „„J „ „ 
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Therefore the linear hull of a codimension 1 face of C(A^ 1,d ^) is the linear hull 
Hi^ of rjj (j 7^ i) and a codimension 1 face a of C(A). Let h a be a primitive linear 
form vanishing on a. Let 77* be the linear form on (3ffiffif = iZ?7i such that rj*(Q) = 
and rj*(r}j) = Sij. The linear form defined by 

h ija = dh a (u 1 )i]* + h a 

vanishes on a and rjj (j 7^ i). Since hi^ a (dui — Ym=\ Vi) = 0, it defines a linear form 
on ZA 1 '^ vanishing on the hyperplane Hi a . Since 

h it<T {a^) = K{a) (modZ), 

and the linear form hi j<T is an integral on L^ 1,d \ a^ 1,d ^ is non-resonant. 

Definition. The equivalence relation generated by D ~ is called multiplica- 

tive equivalence. 

§5 Constant equivalence and algebraic correspondences 

§5.1 Reduced part and constant correspondence for = C 

Let .D = (i?, {Ki}i) be a hypergeometric data and S = {i | li = 0}. Then 
it is easy to see that the homomorphism R — > ©^gZ is also a primitive separate 
embedding. Let L rec i = Coker(i? — > ©^ S Z). Then we have L = Coker(i? — > Z r ) ~ 

-^red ©i6S Zl^i. 

Proposition 5.1. /fD is non-resonant, then D re d = (R, {h}igsi i K i}i£s) ^ s non- 
resonant and Ki Z (i E S). 

Proof. Let C(A re d) be the convex cone generated by of Ui (i S). Then the 
codimension 1 face of the convex cone C(A) generated by A is either 

(1) the cone generated by C(A re ^) and Ui (i G S — {k}) for some k G S or 

(2) the cone generated by a and Ui (i G S), where a is a codimension 1 face of 
C(A re d). 

The defining equation h a of the linear hull of a and u>i,(i G S 1 ) is the same as the 
equation h a of that of a under the decomposition. Therefore h a (a re d) = h a (a), 
where a re a = Yli4s The defining equation of the hyperplane of type (1) is 

the dual base (k G S) of {uJi} ie s and L red . Therefore Kk £ Z. 

Definition. The above hypergeometric data D re d is called the reduced part of D. 
On the set of hypergeometric data over a lattice R, we introduce the constant 
equivalence as the equivalence relation generated by D ~ D re d. 

We define Fermat motif and Artin-Shreier motif as follows. Let Ki, . . . , K r be an 
element of I(k, K ) — {0}. Suppose that ^I=i «i ^ Z if /c = C. Positive Fermat motif 
(resp. Positive Fermat-Artin-Shreier motif) is a -ftT-Hodge structure (/-adic repre- 
sentation ) of the form H r ~ 1 (F, K(k u . . . , K r )) (resp. # n (FAS, . . . , /c r ))(V0)» 
where F and FAS' is defined by 



F : x x + ■ 



+ x r =1 
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and the local system K(k\, . . . , K r ) on F and FAS correspond to the Kummer char- 
acter ft(nl=i X T)- We om it the expression for dimension of F and FAS, because 
it is determined by the number of the components of the Kummer characters. It is 
well known that they are stable under the tensor product; 

H t ~ 1 (F)(ki, . . . , K r ) ® ^ S - 1 (F)(A 1 , . . . , A s )(-1) 

r 

~H r+s (F)(K U . . . , K r , Ai, . . . , A s , - K i) ® K((-1)-Z r i= i "*) 

i=l 

H r {FAS){n u . . . , Kr , V>) ® iT (FAS)(Ai, . . . , A s , V) 
~if r+s (FA5')(Ki, . . . , « r , Ai, . . . , A s , V'), 

where 1)~ ^* =1 Ki ) is the Hodge structure on SpecC corresponding to the 

Kummer character (— l)~^=i Ki . As Hodge structures, K((—l)~^i=i Ki ) is iso- 
morphic to K over SpecC. Moreover these isomorphisms are induced by alge- 
braic correspondences. Positive Fermat motif contains K(— 1) ~ H(F)(k\, —k\, K2) 
and Fermat motif is generated by tensoring positive Fermat motif and K(l). Us- 
ing K(—l) ~ FAS{—Ki,K\), we define Fermat-Artin-Shreier motif in the same 
way. An element in H(F)(ki, . . . , K r ) is called Hodge cycle if the Hodge type 
of H(F)(k\, . . . , K r ) is (m,m) for all the embedding a : K C C. An element in 
H(FAS)(k\, . . . , K r , VO is called Tate cycle if the action of Frobenius of F q is q m x (, 
where ( is a root of unity. In many case, Hodge cycles and Tate cycles of Fermat 
hypersurface is know to be algebraic cycle. But it remains still open in general case 
([A][S]). _ ^ 

We introduce an algebraic correspondence associated to Q(D) (resp. Q(D,ip)) 
and G{D red ) (resp g(D red , ifi)). First we consider the case k = C. 

Theorem 1. Let D and D red be hyper geometric data defined in Proposition 5.1. 
We renumber the index such that S = {1, . . . , s}. Then there exists an isomorphism 
of variation of Hodge structures: 

r r r 

g(D)^g(D red )^H s (F)(K 1 ,...,K s , «0 ($>*^o, K ^°) 

i=s+l i=l i=s+l 

r r 

g(D)^g(D red )(E)H s (F)(K 1 ,...,K s )(-l) (J^Ki^O, «i = °) 

i=l i=s+l 

G{D) ~G(D red ) <g> H s (F)(ki, . . . , k s ) ® K((-l)Zt=i «*) 

r r 
(J>i = 0, ^ Ki^O) 
i=l i=s+l 

g(D) ~g(D red ) <g> h s (f)(ki, « s _i)(-i) ® *<) 

r r 

(5>i = 0, X] «i = 0) 

i=l i=s + l 

defined by an algebraic correspondence. 

We use systems of coordinates y = (yi, . . . ,y s ) and x = (x s+ i, . . . , x n ). We take 
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For a constructible sheaf T on a torus T is said to be of weight less (resp. more 
) than w if there exists an open set U of T such that the fiber of T at p in U is 
mixed Hodge structure of weight less (resp. more ) than w and it is denoted by 
wt(jF) < w (resp. wt(jF) > w). 

Case (a) £Li m ^ 
The variety Xd associated to D and the rank 1 local system is given by 
X D = {(y,x ,x,a) E T(y) x T(x ) x T(x) x T(a) 

r 

\x (a 1 y 1 -\ a s y s + ^ a^) = 1} 

i=s + l 

and 

s 

K(x a a K ) = K(X D ;Y[(xoa iyi r* J] (w^D 

i=l i>s+l 

We put /o = J2l= s +i a iX Wi ■ Let A^, and Xp be the open set and closed set of Xd 
defined by 

X D ={(y, x , x, a) E X D \ f ^ 0} and 

X D ={(y, x , x, a) e X D \ f = 0} 

Let (f° (resp. tp 1 ) be the composite of the open immersion X D — > Xq (resp. the 
closed immersion X D — > Ap) and </? : ^ — > T(a). We get the following long exact 
sequence 

► i? n ^i,K(x Q a K ) '4' i? n ^ J ftT(x Q a K ) -> R n ip°,K(x a a K ) 

^ R n+1 ¥x^K(x a a K ) ~ i? n -V*^(^°a K )(-l) 
where R l tpx 1 * denotes the i-th higher direct image with a support in A^. 

Case (a-1) ELi ^ ^ AND E[ =a+ i«i ^ 

Let us introduce sets of variables F = (Fi,...,F s ), X , and t and change 
coordinate by Fj = x^aiy^ X = xofo and tofo = 1- Then X D is isomorphic to 
<%£> red x F, where 

A Dred ={(x,t ,a) e T(x) x T(£ ) x T(a) | * /o(a,a) = 1} 

F={(y,x )eT(r)xT(io) I F + • •• + y s +x = 1} 

Under the above isomorphism, the corresponding rank 1 local system is prKJ 7 ^) ® 
pr^^ 2 -'), where 

r s 

^ = K(^ ed ; J] (a^) K ^F =s+lKi ) and ^ 2 ) = f] F^X Er = s+1 Ki ). 

i=s+l i=l 

The natural homomorphism Xo red — > T(a s +i, . . . , a r ) is denoted by </? re d- Therefore 
we have 

r 

i=s+l 

We have wt( J R n v?° H< K(x a a' t )) = n and wt(.R n+ V*i *^(x a a K )) > n + 1. There- 
fore the connecting homomorphism 5 vanishes. Since both R n (p*K(x a a K ) and 
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Case (a-2) £l=i «< ^ and £[ =s+1 «i = 

We introduce an coordinate Y - = (Yi,...,Y s ) and change coordinates 
(Y,xo,x,a) — > (y, xo, x, a) by Yj = xo a iJ/i- Then the variety Afjjj is isomorphic 
to A£) red x F x T(x ), where 

A Dred ={x G T(x) | f = 0} 

F={YgT(Y) I Yi H Y s = l}. 

The corresponding rank 1 local system is pr\ (J 7 ^) ®pr*2(F {2) ), where .FW and 
JF( 2 ) is the local system on X Dred and F defined by 

r s 

J™ = K(X Dnd ; J] (a^D and = K{F-\[Y^). 

i=s+l i=l 

Therefore we have 

R n <p xU K(x a a K ) = R n ~ s ~ Vred*^ (1) <E> H s -\F)(k u k s )(-1). 

Here Wed denotes the natural morphism Xj^ red T(a s +i, . . . , a r ). 

We show that wt(i? r V2-ft'(# a a K )) = ^+2. In fact, under the change of coordinate 
Yj = xoaiDi and Xo = ^o/o, the variety A^, is isomorphic to U1XU2X T(xq), where 

U x ={Y G T(Y) I Yi + . . . Y s - 1 ^ 0} 

U 2 ={x G T(x) x T(a) I / (a,x) ^ 0} 

and the corresponding Kummer character is pr\T^ <g> pr^J 7 ^ defined as above. 
Therefore wt(# s (?7i, J^ 2 ))) = s + 1 and wt( J R n - s 7r 2H ,J r(1) ) = n - s + 1, where 
7T2 : C/2 - *■ T(a s +i, . . . , a r ) is the natural projection. Therefore the morphism 
z*r is surjective on the open set U a . The perversity of R n <f x i^K(x a a K ) and 
R n ip^K{x a a K ) implies the required isomorphism. 

Case (b) £T =1 = 

In this case, the variety X D and the rank 1 local system associated to D are 
given by 

r 

X D = {(y, x, a) G T(y) x T(x) x T(a) | a 1? /i + • • • a s y s + ^ a^^ = 0} 

i=s+l 

and 

s 

i=l i>s+l 

We put /o = Ei= s +i a-iX^ 1 - Let Xp and be the open set and closed set of Xd 
defined by 

X% = {(y, x, a) G X D \ f ^ 0} and X X D = {(y, x, a) G X D \ f = 0} 

Let (p° (resp. (p 1 ) be the composite of the open immersion X^ — > X D (resp. the 
closed immersion X^ — > and </?. On the other hand, we get the following long 
exact sequence 

► R n - 1 ip x i if K{x a a K ) H R^^K^a") -> IT" V°*^(z a a") 

^> R n ip x i„K(x a a K ) ~ i? n -V*^(^ Q a K )(-l) 
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Case (b-1) ELi ^ = AND EU+i «i + 

We introduce systems of coordinates to = (^o) and Y = (Y"i, . . . , Y s ). By changing 
coordinate, £o/o = 1 1^ = —todiVi, the variety A^, is isomorphic to the product 
A' Dred x F, where 

*D™«, ={(t ,^,a) e T(£ ) x T(x) x T(a) | £ /o = 1} 

s 

F={yeT(Y)\Y,Y s = l}, 

i=i 

and under isomorphism, the corresponding rank 1 local system 
where 

r s 

= K{X Dred - J] (toa^T 1 ) and = K(F-\{(-Y^). 

i=s+l i=l 

The natural morphism Xo red — > T(a s +i, . . . , a r ) is denoted by <^ r ed- Therefore we 
have 

iT-V*^(* a O = i? n " s ^,ed/ (1) ® H s -\F)(k u . . . , « s ) ® K((-l)^^ 

Since wt(i? n </7,Yi H< i : ir(a: Q a K )) > n, the morphism 5 is zero on the open set U a . There- 
fore R n ~ 1 ^p^K{x a a K ) — > -R n_1 <£>*-ftr(£ Q a K ) is an isomorphism by the perversity and 
irreducibility argument. 

Case (b-2) £T =1 k z = and EU+i «i = 

We introduce a variable rj = (rji, . . . , r/ s _i) and Y s = (Y s ). By changing coordi- 
nate, (y, x, a) — > (x, a, 77, Y s ) with 77^ = (i = 1, • • • , s — 1), the variety A^, is 
isomorphic to <^D red x F x T(F S ), where 

X Dred ={(x,a) e T(x) x T(a) | f(a,x) = 0} 
F={ V eT(r]) \ m + --- + Vs-i = 1}, 

and the rank 1 local system is pr^F^ <g> pr\T^\ where 

J™ = K{X Dred - J] (aix^) and = K(F; n(-^)"«). 

i=s+l i=l 

The natural map Xo red — > T(a s +i, . . . , a r ) is denoted by </? re d- Therefore we have 
R^V^K^a*) = R n ~ s - Wed,*:F (1) <g> if s - 2 (F)( Kl , . . . , « s _i)(-l) 

®K((-l) E i=l Ki ). 

As in the case (a-2), we can show that wt(l? n ~ V°-ftT(a: Q a K )) > Therefore 
is surjective. Perversity and irreducibility implies the required isomorphism. We 
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§5.2 Constant correspondence for k — F q 
Next we study the case k = F q . 

Theorem 2. Let D = (R, {h}i, {Ki}i) be a non-resonant hypergeometric data and 
D re d be the hypergeometric data defined in Proposition 5.1. We renumber the index 
such that S = {l,...,s}. Then there exists the following isomorphism of con- 
structive sheaves induced by an algebraic correspondence: 

Q{D) ~ G(D red ) ® H s {FAS){k 1: . . . , « a , V). 



Proof. The proof is simpler compared to the case k = C. Let j/j denote the element 
corresponding to qfe) = uJi in k[L] for i = 1, . . . , s. Take a base of L rec i ~ Z n ~ r . 
Then k[L re d] is identified with . . . , x^]- We use a system of coordinate 

x = (x s +i, . . . , x n ). If we put /o = Yll=s+i a i% UJi > the variety is denoted by 

X D = {(y, x, t) e T(y) x T(x) x A(t) \ am + ■■■ + a r y r + fo = t} 
We define the variety Xd by 

X D = {(y,x,t,s,a) E T(y) x T(x) x A(t) x A(s) x T(a) | 
(am H h a s y s + / (a, x) = t, f = s} 

It is easy to see that this is an etale covering of Xd with the Galois group F p . We 
introduce a new coordinate r = (r) and Y = (Yi, . . . , Y s ). By changing coordinate 
(y, x,t, s, a) — > (Y, x, s,r, a) given by = Fj and r = t — s, the variety is 
isomorphic to X Dred x FAS, where 

x D red ={(x,o-,a) E T(x) x A(a) x T(a) | f {a,x) = s} 
FAS ={{Y, p) E T(Y) x A(r) | Y 1 + ■ ■ ■ + Y s = r}. 

The corresponding rank 1 local system is Wii^^) ® pr^iF^), where 

r s 

= K(X Dred ; II {aiX^Y^^C^s) and = K(FAS; JJ Y^) <g> A/,(r). 

i=s+l i=l 

Let </? re d be the natural projection Xz, red — > T(a s+ i, . . . , a r ). Since Xo red is etale 
over AV> ,, we have 

s r 
i=l i=s+l 

~ R n - 8 <p re d,*K(^) <g> H S (FAS- ki,..., k 8 , V). 

Tti <=>r <=>f nrp wp Vimr<=> tViP nrnnnsit.inn 
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§6 Algebraic correspondences associated 
to the multiplicative equivalence 

§6.1 Existence of good base 

In this section we introduce an algebraic correspondence associated to multiplica- 
tive equivalence. Let D = (R, {li}i, {Ki}i) be a hypergeometric data and suppose 
that h(R) = dZ with d > 0. 

Proposition 6.1. There exists a base of L ~ Z n+1 such that 

< UJi >i=2,...,r = < d(XI U Ui >i=2....,r= dZ © Z n 

and ui = (k, 0, . . . , 0), with (/c, d) = 1. 

Proof. Let Q =< u>i >i=2,..., r - By the following commutative diagram, we have 
L/Q = Z/dZ. 


► Z r ~ x ^R ► Z r ~ x ► Q > 



»■ R > Z r > L ► 



»■ Im(/i) > Z Q/L 





Here, columns and rows are exact. If we put Q' = Q + du iZ, then by the following 
commutative diagram, we have L/Q' ~ Z/dZ, and as consequence, we have Q = Q'. 

► R »• dZ®Z r ~ x > Q' »■ 



> R ► Z r > L »■ 

Let uji = kl with a primitive element / in L. If we write / = aiu\ + ...a r oj r , 
then (1 — ka\)u>i G Q, (k,d)=l. The natural map Zcui — > L/Q is surjective, the 
homomorphism Zl — > L/Q is also surjective. Therefore dl is a primitive element in 
Q, and we can take a base of Q; Q = Zdl © ©^ =1 Zttj. 

We construct an algebraic correspondence using a coordinate given in Propo- 
sition 6.1. We a take base of L : L ~ Z n+1 which satisfies the condition of 
Proposition 6.1. Under this base, the first coordinate of u)i is divisible by d for 
i = 2, ...,r. Therefore fo = J2l=2 aixUJi can ^ e wr hten as fo(xf , X2, ■ ■ ■ , x n +i)- 
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as in Proposition 6.2, the lattice L (M ) = (Z d © Z r ~ 1 )/l ( - 1 ^(R) and the morphism 
Z d © Z r_1 — > l/ 1 '^ is expressed as follows. We write the structure of l/ 1 '^ mul- 
tiplicatively. Let u±, . . . be a system coordinates. Z,( 1,d ) is generated by Q and 
iti, . . . ,Ud with the relation u± • • • Ud = z k , where 2 = and / = (1, 0, . . . , 0). Note 
that a.\ = kKi under this base. (For the definition of l^ 1 '^ and L,( 1,d > see Section 
4.) Before constructing algebraic correspondences, we note the following lemma. 

Lemma 6.2. Let d be a natural number prime to the characteristic of k. Let 
£1, . . . , £d be a set of variables and s±, . . . Sd be the elementary symmetric functions 
°f £,i (i = 1> • • • jd) °f degree 1, . . . , d. Then £ d + • • - + £ d is expressed as a polynomial 
F(s±, . . . , Sd) of si, . . . , Sd and we have 

F( Sl , ...,s d ) = F( Sl , . . . , sa-!, 0) + (-l)*" 1 ^. 

Moreover, if si, . . . , Sd-i are elementary symmetric functions in 71, . . . , 7^-1, then 

F(s 1 ,...,a d _ 1 ,0) = 7 1 d + ... + 7 2_i. 

Proo/. See [T]. 

§6.2 Multiplicative correspondences for = C. 
The main theorem of this section is the following. 

Theorem 3. Let D be a hypergeometric data with h(R) = dZ (if k = C) or 
h(R) = dp e Z with (d,p) = 1 (if k = ¥ q ) and D^ ,d ^ be the hypergeometric data 
defined in Section 3. We put = D © ©^(0, ^). Then we have the following 
isomorphism of hypergeometric sheaves induced by an algebraic correspondence. 

(1) Ifk = C, g(l)( d ))©K(( ( ~ 1 ] d ~ 1 ) Kl ) ^T* d) g(D^), where K(( ^^- ) K1 ) 
is the Hodge structure on Spec C corresponding to the Kummer character 

(2) Ifk = F„ G(& d \i>) ts /f(( tl P)"') ^ !J i4) S(*'-",*), Here T^ d) 
denotes the translation of T(R) given by T^ d ^(cii) = (—l) d ~ 1 ai/d and 

K((- — ^ — ) Kl ) is the l-adic sheaf on SpecF 9 corresponding to the Kum- 

/ \ d — 1 

mer character (- — ^ — ) Kl . 

Proof. In this subsection, we prove (1). We choose a base of L satisfying the 
condition of Proposition 6.1. Let k = (k\, . . . , n r ) and a = (or, . . . , a n +i) G 
L © I(C,K) be the image of k under the homomorphism q. We prove the above 
theorem for the case Yli=i K 0- m the case Yll=i ^ = 0, we can prove the theorem 
by similar argument. We introduce systems of variables 

x u x= (x 2 ,...,x n+1 ),£= •••»&)» 7 = ( 7 i»---»7d-i)» 

u = (ui, . ..,u d ),g = (gi, . . .,g d -i),s° = (si, . . . ,s d _i),s = (si, . . ., Sd),z 
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We use the notation a[ = (— l) d 1 ai/d for short. We define five varieties X D (i,d), 
Xi, y, X 2 and X^ (d) . 

X D( i, d) ={(u,x,z,b,a> 2 ) G T(u) x T(x) x T(z) x T(6) x T(a> 2 ) | 

hui H h b d u d + fo(z, x 2 , ■ ■ -,x n+ i) = l,m ■ ■ -u d = z k } 

X 1 ={(£, x, z, a) G T(0 x T(x) x T(z) x T(a) | 

+ ■■■ + &) + f (z,x 2 ,..., x n+1 ) = 1, (Ci • • • 6) d = **} 
y ={(s°, s d , z, a) G A(s°) x T(s d ) x T(x) x T(z) x T(a) | 

a'^F^!, . . . , s d -i, 0) + (-l) 6 *" 1 ^) + / (z, x 2 , . . . , x„+i) = 1, Sd = 
# 2 ={(7,xi,x,a) G A(7) x T(xi) x T(x) x T(a) | 

a'^n/i +--- + ld_ 1 ) + a 1 x>l + f (x(,x 2 ,...,x n+1 ) = 1} 
%DW ={(9^i,x,c,a) G T(#) x T(xi) x T(x) x T(c) x T(a) | 

ci</i H h c d _i5r d _i + aixf + /o(z?, x 2 , . . . , x„+i) = 1} 

Let (£,x,z,a) (resp. (7, xi, x, a)) be a point in X\ (resp. A^). By substituting 
Si (i = 1, . . . , d (resp. i = 1, . . . , d — 1)) by the z-th symmetric polynomial of & 
(z = l,...,d) (resp. 7$ ( i = l....,d— 1)), we get a finite homomorphism 7Ti 
(resp. n 2 ) from T* x ^(^1) to y (resp. X 2 to y) using Lemma 6.2. Then tt\ and 
7r 2 are quotient by finite groups &d and &d-i respectively. The natural morphisms 
X\ — > T(a), y — > T(o) and A" 2 — > T(a) are denoted by 0i, y and 2 respectively. 
We consider the following sheaves on each varieties. 

d n+1 r 

= K{X {14) -\[{b i u i )^' d J] x?]\a?) 

i—l i—2 i=2 

d n+1 r 

T x = K(X 1 ;l[(a 1 ^ + ^ /d J] *V II aKl ) 

i=l i=2 i—2 

n+1 r 

^ = K{y- (a')^(a lSd r II II a ") 

i—2 i=2 
d—1 n+1 r 

?2 = k(x 2 - n(«wf) i/d («^i) Ki n IK 4 ) 

i=l i=2 i=2 

d—1 n+1 r 

^ =^ (d); n(c^) i/d (a 1 ^)^ n<n<) 

i=l i=2 i=2 

By the argument in §2, the variety X D (i, d ) — > T(6) x T(a> 2 ) and X^ d) — > T(c) x 
T(a) descend to variety X R — > T(i?) and — > T(i?) respectively. Under this 
descent, the sheaves J 7 ^ 1 ^ and J 7 ^ descend to sheaves jF( 1,d ) and on and 
X' R respectively. By the definition of hypergeometric sheaves, we have 

i2 T W.F (1 ' d) = G{D^) 

r>n,J -r(d) _ nr f\(d)\ 
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We consider the following diagram: 
X x 



D(l,d) 



- Xr 



T(a) 



E 



T(6) x T(a> 2 ) 



T(R) 



(ai,...,a r ) h-> (6i,...,6 r ,a 2 ,...,a r ) 
= (ai, . . . , ai, a 2 , . . . , a r ) 

* 2 

<P2 



X D(d) 



-> A" 



T(o) 



E' 



T(c) x T(a) 



(ai,...,a r ) h-> (ci,...,c r _i,ai,...,a r ) 

= (ai, . . . , ai, ai, . . . , a r ) 
where X\ — > A D (i, d ) and A2 — > X^ d) are given by 

(u, x, z, b, a> 2 ) = ((Ci , • • • , x, z, (ai, . . . , ai), a> 2 ) 

and 

(^,xi,x,c,a) = ((7i,...,7d_ 1 ),xi,x,(ai,...,ai),a). 

Let 1* : T(a) — > T(i?) be the morphism induced by 1. Since (^* X D (i, d ) ) x T ( u ) 
T(0 = and ((£')*<*£«*)) x T(3 ) T( 7 ) = * 2 , we have 

Therefore to prove the theorem, it is enough to show the following theorem. 

Proposition 6.3. On the torus T(a), the morphism tt\ and 7r 2 induce isomor- 
phisms of sheaves: 



(1) 
(2) 



l" 1 ) and 



Moreover they are compatible with the descent data. 

Proof. We prove the isomorphism (1). The isomorphism (2) can be proved similarly. 
Let 

B = {(T,D,x,a) e A(T) x T(D) x T(x) x T(a) | -a[T + f (D, x 2 , . . . , x n+1 ) = 1} 

be a variety over T(a). The natural map B — > T(a) is denoted by <pb- Then the 
morphism 
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induces a morphism from h[ : T* ± d ^X\ — > £? and h y : y — > £?. Consider the 
following commutative diagram; 



J (l,d)^' 



i 3> 



5 



5 



T(a) 



Let JF B be a sheaf on 5 defined by 

n r 



i—2 i—2 



We have 

(1) R<p B] (Rh' v K(l, 
(2) 



.,d)®F B )®K(( 



(-1) 



d-l 



f/ ) Ql )^r ( * M) R^ 1 



By the Poincare duality, it is enough to prove that the morphism n\ induces an 
isomorphism between (1) and (2). By the comparison theorem, it is enough to 
prove the isomorphism for the etale cohomology with the coefficient and by 
the specialization argument, it is enough to show the isomorphism by reduction 
mod p. Suppose that all the varieties, sheaves and automorphisms are defined 
over a finite filed F q and d | (q — 1). Since T* ± d ^Xi — > y is a finite &d cov- 
ering, we have Hh y \K ~ (Rh' v K) ed and the action of (nd) d on A"i induces a 
decomposition Rh'^K ~ ©( tl> td )R/i^ ! i i C(ti,...,trf) according to the characters 
(ti, . . . , td) of (Hd) d - For an element cr G 6^, we have cr*(R/i / 1 ,i i C(ti, . . . , to)) = 
R/l / 1! i^(t cr (l), . . . ,t CT (d)). 

Lemma 6.4. Suppose that t p = t q for some 1 < p ^ q < d. Let a PtQ be the 
transposition of p and q. Then for a closed point p = (T, D) of B, we have 

tr(Frob™ {p) (a P!q + 1) | Kh^Kfa, . . . , * d )) B(p) = 

for all m > 1. 

The proof of this lemma is given later. Let F[(ti, . . . , t d ) = Hh' v K(ti, . . . , i^). If 
t p = t q , by Lemma 6.4 and Lefschetz trace formula for etale cohomology, we have 

te(Frob™ (a) (o- p , q + 1) | R^B!^i(*i, • • • , t d ))- K{a) 
= (tr(Frob p (o-p, q + 1) | ~Rh' v K(t 1 , t d )) h{p) ) ■ Frob p \ (Fb)k( p ) 

=0. 

Here K m (a) denotes the degree m extension of n(a). Therefore by Proposition 2.4, 
we have 
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for all positive m and a PtQ acts as — 1 on R n ip B \F'i{ti, ■ ■ ■ , td))n(a)- As a consequence, 
we have 

(R n <p Bl Kh' v K)^ a) ~ . . . , d)) B( „) 

and we obtain the proposition. 

Proof of Lemma 6.4- We may assume that k(p) = F q . Let Xt,d be the variety 
defined by 

x T , Do = {£e T(0 | + ••• + # = T, (d • • -^) d = A)}- 

It is easy to see that the fiber of h[ at (T, D) is isomorphic to X TD k . Though this 
variety is not geometrically connected, we consider the cohomology with compact 
support. For a character t = (ti, . . . , t d ) of (f^ d ) d , HI(Xt,d, K)(ti, ■ ■ ■ ,td), denotes 
the t-part of the corresponding cohomology. Define $(T) by 

2d-4 

d>(T) = tr(Frob Fq (a p , q + 1) | K(X T , D , K)(t lt . . . , t d )). 

i=0 

First we assume that T^O. Let Zd q be the variety defined by 

Z Do = {(£, T) e T(£) x T(T) | + • • • + £ = T, (& • • • i d ) d = D } 

and u : Zd — > T(T) be the natural homomorphism. For a multiplicative character 
7 : — > if, -PC(7) denotes the corresponding rank 1 local system on T(T). Then 
by the Lefschetz trace formula, we have 

tT(Frob Fq (a p , q + l)\H*(T(T),-RmK(t 1 ,...,t d )^K( 1 ))= £ <&(T) 7 (T). 

TeF* 

On the other hand, 

Hi(T(T),KmK(t 1 ,...,t d )^K( 1 )) 

=W c (Z Do ,K)(t 1 ,...,t d ,>y) 

( 1-dimensional vector space over K ( if i = d — 1) 

I (ifi^d-1) 

since Zd is a quotient of a d — 1-dimensional Fermat hypersurface. It is easy to 
see that a P)Q acts as (— l)-multiplication on H d ~ l {Z£ )(j , K)(ti, . . . ,t d , 7). Therefore 
we have J2tef x ^OOtCO = for all 7. As a consequence, we have $(T) = 0. For 
the case, T = 0, the variety X ,d is a quotient of a Fermat hypersurface. In this 
case we also have $(0) = 0. 

§6.3 The case k = F q 
In this subsection, we prove (2) of Theorem 3. We use the same systems of 
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varieties X D (i,d), X\, y, X 2 and Xfy^ by 

X D( i, d) ={(u,x,b,z,t,a> 2 ) G T(u) x T(x) x T(6) x T(z) x A(t) x T(a> 2 ) | 

6itii H h fr^d + fo(t p \x 2 , ■ ..,x n +i) =t,u 1 ---u d = z k } 

X\ ={(£,x,z,t,a) G T(0 x T(x) x T(z) x A(t) x T(a) | 

ai(Ci + • • • + d) + fo(t p \x 2 , . . . , x n+i ) = £, wi • • • w d = 2 fc } 
y ={(s°, s d , x, 2, t, a) G A(s°) x T(s d ) x T(x) x T(z) x A(t) x T(a) | 

a;(F( Sl , . . . , s d - u 0) + (-l)*" 1 ^) + / (^ e , x 2 , . . . , x n+ i) = = t fc } 
<*2 ={(7,xi,x,t,a) G A( 7 ) x T(xi) x T(x) x A(t) x T(a) | 

a i(li H H 7d-i) + a i x i + /o(^? , ^2, . . . , x n+1 ) = t} 

*dw ={(9^i,x,t,c,a) G T(g) x T(xi) x T(x) x A(t) x T(c) x T(a) | 

cigi H h Cd-iga-i + a 1 x 1 + fo(x 1 p , x 2 , • • • , x„+i) = t} 

We define a morphism 7Ti : T* x ^A'i — > ^ and 7r 2 : X 2 — > ^ as in §6.2. Then 7Ti and 
7T2 are quotient by the symmetric group & d and ©d-i. We define sheaves on each 
varieties: 

d n+1 r 

= n{x {14) -\{{b i u i )^/ d n x?* n<o ® 

i=l i=2 i=2 

d n+1 r 

t x = K (x i; n(ai^) (i+Ki)/d n x T n ^ ® ^ 

i=l i=2 i=2 

n+1 r 

T y = K(y; (a')^(a lSd )^ J] xf* ]Ja Ki ) ® ^(t) 

i=2 i=2 
d—1 n+1 r 

^ = «o* 2 ; n( a wf) i/d (a^f) M n ^ n^) ® 

i=l i=2 i=2 

d—1 n+1 r 

j**> = K(^ (d) ;j]( c ^) i/<i («i^r i n^ri ?*)®^^) 

i=l i=2 i=2 

Let 1* be the morphism T(a) — > T(R) induced by 1. Then we have 

rs(£ (M \vO-#>i*^i 

As in §6.2, it is enough to prove the following proposition. 

Proposition 6.5. On the torus T(a), the morphism iz\ and % 2 induce isomor- 
phisms of sheaves: 

(f) T ( * M) (lTVi*.Fi) ~ R n y y T y ® K((tlLl)°i) and 

(2) R n (pi*F 2 ~ R n ^yTy 

Moreover they are compatible with the descent data. 

Prnnf TVi<=> nrnnf i« similar tn tVint nf Prnnn«itinn fi R nnrl nmit +Vi<=> nrnnf 
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§7 Multiplication by p for k = F q 

Let D = (R, {li}i, be a hypergeometric data and we put h(R) = dZ. 

Suppose that d is divisible by p; d = pd' . Since p is invertible in I(F q , Qz), there 
exists unique k[ such that pk\ = Ki. Let l[ = -l\ then the non-resonance condition 

for D = (R, {Ki}i) is equivalent to that for D^ p "> = (R, Z;};> 2 , {k[, K;};> 2 ) 
by the following commutative diagram. 

R ^> h '-> lr \ Z © Z r_1 ► V 

(p,l, ■■■,!) 

i? ► Z®Z r ~ x ► L 

(ii ,...,z r ) 

By choosing a sufficiently good base as in the last section, we may assume that 
uj\ = (k, . . . , 0) and the first component of u>i (i = 2, . . . , n) is divisible by d = pd' . 
Therefore we can write Ym=2 a i xUJi = fo( x ii x 2, • ■ ■ > x n+i) an d the defining equation 
of X and X' for the hypergeometric data D and D' is 

X ={(x, r, a) e T(x) x A(r) x T(a) | aixj + / (x?, x 2 , • • • , x n+1 ) = t p - r} 
A" ={(y, x 2 , . . . i n , 7", h, a 2 , • • • , a r ) G T(x) x A(r) x T(6i) x T(a 2 , . . . , a r ) 
I hVi + fo(yi, x 2 , ■ ■ ■ , Xn+i) = a p - a}. 

The corresponding rank 1 local system is given by 

r r 

KiHia^r*) and K((b iy ^)< J](a^)^)- 

i=l i=2 

Define a homomorphism X — > A" by sending 

(x,r, a) -> (yi,x 2 ,...,x n+ i,o-, a) = (x?, x 2 , • • • ,x n+1 , r + a^, a p , a 2 , . . . , a r ). 

This is equivariant under the action of ¥ q Then it easy to see that the corresponding 
character coincides. Taking account into the above commutative diagram and the 
definition of descent data, we have an isomorphism of hypergeometric sheaves on 
T(R): G(D) ~ Q(D( 1,P ^) by taking the Artin-Shreier character part of the higher 
direct images. As a consequence, we have the following proposition. 

Proposition 7.1. Let D = (R, {h}i, {ni}i) be a non-resonant hypergeometric data 
and such that h(R) is divisible by p. If we put D^ 1,p > = (R : ^}i> 2 , {k[, Ki}i>2), 
where pn' { = Ki and l[ = M\. Then D^ 1,p ^ is also non-resonant and on T(R), 

we have an isomorphism of constructible sheaves Q{D) ~ Q(D^ 1,P ^) induced by an 
algebraic correspondences. 

Definition. The equivalence relation generated by D ~ d( 1 >p) is called the Frobe- 
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§8 COHOMOLOGICAL MELLIN TRANSFORM 

In this section, we give a definition of cohomological Mellin transform. This no- 
tion is also introduce in [L-S] and [G-L] in different presentation. First we consider 
the case k = C. 

Proposition 8.1. Let G(D) be the hypergeometric sheaf of a hyper geometric data 
D and x £ R<8> I(C, K) be a character of tti(T(R)) of finite order. Then the coho- 
mology group H r ~ n ~ 1 (T(R),Q(D)<S>K(x)) has a mixed Hodge structure. Moreover 
if Ki + h(x) are n °t zero f or all i = 1, . . . ,r, it is pure of weight r (resp. r — 1) and 
one dimensional. Moreover the Hodge type is given by 

r r r r 

< ^(«< + h(x)) > + < >,J2 < ~ a ( Ki + > + <J2 aKi> } 

i=l i=l i=l i=l 

r r 

(resp.(J2 < *(«< + h(x)) >, ^ < ~ a ( Ki + li W) >)) 

i=l i=l 

provided that Yli=i K i (resp. Ym=i K i = 0). 

Definition. For a constructible sheaf JF which is a mixed Hodge complex on a 
torus T and an element x m Hom(T, G m ) <S> I(C, K), the mixed Hodge structure 
H r ~ n ~ 1 {T{R),J : <g> K(x)) is denoted by C(F,x)- This "function " from 
Hom(T, G m ) <S> I(C, K) to the category of mixed Hodge structure is called the 
cohomological Mellin transform of T . 

Proof. We choose a base of L ~ ©" =0 Zwj. We consider the variety over T(a). By 
changing coordinate, X is actually defined over T(R). To study the descent variety 
X R , we choose a section s : L — > Z r of g : Z r — > L. Let itj = a s ^^ (i = 0, . . . , n) 
and put yi = UiXi. Then the equation for Xr is ^2 a ei ~^ soq '^ ei 'y u3i = 1. Therefore 
the coefficient a ei_ ^ s0<? ^ e ^ G C[i?]. Using new coordinate y = (yo, . . . , y n ), 

X R = {(r,y) G T(R) x T(y) | £a e *-<-°«>< e V i = 1} . 

Again we change coordinate given by hi = a ei ~ < - soq ^ ei ^y UJl . This change of coordi- 
nate gives an isomorphism T(R) x T(y) ~ T(6), where 6 = (bo, . . . , 6 n ). In fact, we 
have an equality 

C ^-(sog)^) _ aei -(soq)( ei ) 

I b~ s ^ = Vi . 

Therefore Xr ~ Xi, = {b G T(6) | X][=i ^ = !}• Under this isomorphism, 
the character k(Xr, x a a K ) corresponds to K(Xb,b K ). We compute the cohomol- 
ogy H r ~ 1 (Xb,J I ' x ) using Leray spectral sequence for / : Xt ^ Xr — > T(i?), where 
JF X = K(K(X b ;b K+l ^)). By Proposition 2.5, R l ]*T x = if i ^ n. Therefore we 
have 

^ n _ r _ 1(T(jR) ^ (jD)0K(x)) _ 

To show the last part of the theorem, we can compute the Hodge number of the 

U„™„1 „f ZJ1 1/ -V T7 \ ,.;„ l-L„i „f P ™„J- U,. „..„-C„ „ to — rcl \ 
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To state the similar results for k = F q , we recall the definition of Gaussian 
sum. Let p be an extension of valuation of p to Q C Q;. We normalize additive 
valuation by ordp(p) = 1. Via the reduction mod p, jtt m (Q/) is naturally identifies 
with fi m (F q ) if (m,p) = 1. The inverse of the reduction map is denoted by u : 
F g -> U( m>p ) = i/i m (Q/). Therefore I m (F q , Q,) is identified with ^Z/Z, and g = p e 
such that m | g — 1, we define a Gaussian sum by 

9(K,1p)=g(F q ,K,1p)= Xnix^^itTFjF^x)), 

x6F 9 x 

where XkOe) = cu(^ ( ' 3 ^ > ). It is easy to see that g(0,ip) = — 1. The order of 
g(F q , k, ip) at p is given by ordp(sr(F g , K,ip)) = YnZo < P' K >• Therefore ± X)i=o < 
p l K > is independent of the choice of q = p e such that m \ q — 1. Moreover if k = 0, 
we have oid p (g(F q , 0, ij>) = 0. For a G Ga/(Q/Q) 

e-l 

ordp(#(F g , o-k, ip)) = ^2 < tp l K >, 

i=0 

where t G (Z/mZ) x is defined by the equality cr(C) = C* f° r an C A*m- F° r an 
element Z( p )/Z, we use the following notation ((#)) = | Xli=o ^ l;r > ~~ \)i wnere 
e is the minimal positive integer such that p e x = x. For k = F q , we have the 
following proposition. 

Proposition 8.2. Let Q(D,ip) be the hyper geometric sheaf of a hyper geometric 
data D. Let x G R <8> I(F q , Q/) 6e a character of tti(T(R)) of finite order. We put 

2(r-n-l) 

C(0(£>, V), X) = E (- 1 )'( tr FrF ^ ^c(T(i?) ® F„ G(D, ® K( X ))) 

i=0 

Then we have C(G(D,ip),x) = YTi=ig(h(x) + «i,V0- 

Definition. For a constructible sheaf JF of T, the function from Hom(T, G m ) <g) 
/(Fq, Qj) to Qi given by 

2(r-n-l) 

X"C(.F,x) = £ (-irtrFr F9 ;^(T(i?)®F„^®K( X )) 

is called the cohomological Mellin transform of JF. 

Proof. We can prove the proposition in the same way. The variety X 

X = {(x, t, a) | T(x) x A(£) x T(a) | /(a, x) = £} 

and the sheaf R n (p*K(X; x a a K ) ® C^(t) on T(a) is descent to T(R). Via the same 
change of coordinate, the descent variety Xr is isomorphic to X\,\ 

r 

X b = {(b, t) G T(6) x A(t) \J2^ = t} 
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The descent sheaf on X b corresponds to the Kummer character n(b K ) = 
nl=i&H- Since R l ¥\K(X;x a a K ) <g> C^{t) ~ R i ^*K{X-x a a K ) ® C^{t) = 
for i^n,we have H^- 1+t (T(b), K(b K+l ^) <g> (*)) = H^- n - 1+l (T(R),g(D, V) ® 
-ftT(x))- The alternating sum of the trace of Frobenius substitution on the coho- 
mologies of is given by 

r 

C(S(D,V0,x) = x^+uM&mYs^/^)) 

r 

= II( S X« i +i i (x)( 6 <)V'(trF,/F I ,(6t))) 

r 

Corollary. TTie order of C(Q(D,ip)) is given by 

ord p C(g(D, VO) = [F 9 : P„] £(«^(x) + «i» + 5) 

i=l 

§9 A Lemma for independentness 

A hypergeometric data D = (i?, is called primitive if h(R) = Z. Let 

D = (R, {k}i, {Ki}i) be a primitive hypergeometric data. The data D is called 
non-divisorial if there exists no i,j (i ^ j) such that U + lj = and + Kj = 0. In 
this section, we prove the following proposition. 

Proposition 9.1. Let D = (R, {k}i, and D' = (i?, {lj}i, be primitive 

reduced non-divisorial hypergeometric data and c, d be elements in Q. 

(1) Suppose that the equality 

£(< k{ X ) + Ki > + c = J2(< l'i(x) + <> ~\) + c' 
1=1 i=l 

holds for a dense open set in x £ R ® (We say that the equality 

holds for almost all r for short.) Then D is equal to D' up to permutation 
and c = d . 

(2) Suppose that Ki, k'a G I(F q , Qi) and that the equality 

£«^( X ) + + c = £«^(X) + <))) + c' 
i=i i=i 

holds for all x £ R<S>I(F q , Q/) and a : Qi — > Q;. XTien .D egnaZ to -D' up 
to permutation and c = d . 
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Lemma 9.2. 

(1) Let Ki G Q/Z be distinct elements and c G Q. If 



1 

^m,(< x + Ki > —-) + c = 



i=l 



holds for almost all x G R/Z. XTien = /or a// z and c = 0. 
(2) Let Ki G Z( p )/Z 6e distinct elements and c G Q. // 

r 

^mi((t(x + «i))) + c = 
i=i 

/or a// x G Z( p )/Z and t G (Z') x , £/ien = /or aZZ i and c = 0. f/ere 
Z' = lim Z/mZ. 

(m ,p) — 1 

Proo/. (1) Let /(x) = m i(< x + K i > ~\) + c - Since urn = lim e ^ +0 f(x - 

Ki + e) + /(x — Ki — e), we get the theorem. (2) To prove this theorem, we use an 
arithmetic argument. We prove this statement in Appendix. 

Proof of Proposition 9.1. (1) We prove the proposition by the induction on rank 
R. If we take a base of R ~ Z, and Z»-(x) can be written as x or ~ X by 

the primitivity condition. Let S± and be S± = {i \ k = ±x} an d -S"± = {j \ 
l'j = ±x}- By the assumption of non-divisoriality, K + = \ i G S + } (resp. 

= {kj I j G S' + } ) and -K_ = {-m \ ieS-} (resp. -IT = {- Kj \ j G ^} ) 
does not intersect to each other. Since < x > — \ = — (<— x > — \) for almost all 
x, we have 

r 1 1 1 

E(< /i( X ) + Ki > --) = (< X + «i > - g) - I] (< X - «i > - g) 

= E ^(<x + ^>-^)- E w,(<x-^>-^) 

for almost all %, where = #{z | G U K-} is the multiplicity of Ki. By the 
assumption, 

X] m i(< X + Ki > - Yl m i(<X- Ki> ~^)+C 

= E ™j(<x+«;>~)- E "»;(<x-«;>~)+c 

/.;• A". ™ /./• /\" 

for almost all %. Here is the multiplicity of k'j defined in the same way. Since 
mi, m'j > for all we have c = c', K + = K' + , K_ = K'_ and rrii = m' if Ki = k', 
by Lemma 9.2. 

Assume that ranki? = r — n — 1>2. Since l\ is primitive, we choose a base 



HODGE AND TATE CONJECTURES FOR HYPERGEOMETRIC SHEAVES 35 



as xi, . . . , Xr-n-i- Let S = {i \ k = ±/i} and S' = {i \ l'j = ±/i}. For i S and 
j £ 5", k and Vj be the restriction of k and lj to Ker(Zi). Since U and Vj is not 
zero, we have li = dji and l\ = d'jl'j with primitive forms U and /'. Therefore for 



rivx G Qui, we have < /i + /i(xiUi)+«» > -§ = Efe=i(< k + 37 (^Cxi^i) + + > 
— 5). Therefore X^£s(< ^ + ^(xi^i) + «i > —5) can be expressed as a sum of 
< L[ + K[ >, where L\ is a primitive linear form on Ker(Zi). If necessary, by 
canceling terms, we may assume that the sum does not contain divisor ial pair in 
this expression. Since the restriction of J2 ie s(< h + K i > ~ \) to Ker(Zi) + Xi v i ls 
a constant function, we have 

1 \ 
5^(< hixivi) + «i > -9) + c = (< ^(^^i) + k j > - 9) + c ' 



for almost all xi by using the assumption of induction for Ker(Zi). (Note that 
non-divisoriality condition inherits to the restriction to Ker(Zi) + Xi v i-) Applying 
the assumption for t>iQ, c = c', {ki \ k = h} = | E = l±}, {Ki \ k = —h} = 
{ K >. j V. = and #{z G S I m = k} = #{j G S' \ k'j = k} for all k G Q/Z. 

Replacing l\ to another primitive linear form on R, we get the proposition. 
For (2), we can prove the same argument. 



Lemma 9.3. Under the non-resonance condition, the primitive hyper geometric 
data is non-divisorial 

Proof. Assume that U + lj =0 and Ki + Kj = 0. For simplicity, we may assume 
that % = l,j = 2. Let R' = Ker(Zi). Consider the following commutative diagram, 
where V = Z r ~ 2 /R'. 



R' 



R 





Then we have L/L' ~ Z and 

(*) 



L = L' 



V 



Take an element p G R such that h(p) = 1 and h(p) 
we have 



■+ 



-> 



-1. Put l k (k) = a k . Then 



U1-UJ2 + ^2a k uj k = 0. 
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The cone C generated by u>i for % = 3, . . . , r is contained in codimension 1 subspace 
L' <g) R and the cone C(A) generated by u)i (i = 1, . . . , r) is a cone of uj\ and u)2 
over C by the equality (**). Therefore C is a codimension 1 face of C(A). It is 
easy to see that the equation of for the face C is given by the projection pr to the 
L' component via the decomposition (*). Since the image a of k is given by 

r r r 

a = k 1 u 1 + (-K1V2 + ^2 KiUJi = ~ Kl ^2 aiUi + ^2 KiUJ " 

i=3 i=3 i=3 

we have pr(a) = 0. This contradicts to the non-resonance condition. 

§10 Main Theorem 

In this section we state and prove the main theorem. First we prove the following 
lemma 

Lemma 4.1. Let G(D) and G(D, ifj) be hypergeometric sheaves on T(R) for k = C 
and F q respectively. Let a be an element in T(R)(C) (resp. T(R)(F q )) such that 
T*Q(D) = Q(D) (resp. T*Q(D,ip) = G(D, ip) ) if k = C (resp. k = F q ). Then we 
have a = 1. 

Proof. First we assume k = C. The subgroup 

Stab(0(D)) = {ae T(R)(C) \ T* a g(D) ~ Q(D)} 

is an algebraic subgroup because it is isomorphic to 

Stab(0(£>)) = {ae T(R)(C) \ T*DR(Q(D) \ v ) ~ DR(Q(D) \ v )}. 

where DR is a de Rham functor for local system on an open set U of T. Therefore 
if Stab(Q(D)) is not zero, it contains a non-trivial finite subgroup S. Let k = F q . 
If 

Stab(S(D,V0) = {« e T(R)(F q ) \ T*Q(D,ip) ~ ^(L»,V)} 

is non-trivial group, it contains a non-trivial finite subgroup S. Therefore the 
sheaves Q{D) (resp. Q{D, ip)) descend to a sheaf Q{D)' (resp. ^) ; ) on T(R)/S, 
since ^(D) and Q(D,ip) are irreducible. Therefore we have 

x c (G(D)) = #(S)-Xc(G(Dy) 

This contradicts to the fact that Xc(G(D)) = 1 (resp. Xc(G(D,ip)) = 1). 

Our main theorem is the following. 
Theorem 4. 

(1) Let k = C. Let T and T' be hypergeometric sheaves on a torus T. If there 
exists an isomorphism <p '■ J~ \u~ y J~' \u as a variation of K -Hodge struc- 
tures on an open set U in T, then there exists an algebraic correspondence 
Al and a Hodge cycle of Fermat motif F such that 4> = Al • F . 

(2) Let k = F q . Let T and T' be hypergeometric sheaves on a torus T. If there 
exists an isomorphism § : T \ u^> T' \u as a Qi local system on an open set 
U in T, then there exists an algebraic correspondence Al and a Tate cycle 



HODGE AND TATE CONJECTURES FOR HYPERGEOMETRIC SHEAVES 37 



(1) Let D be a hypergeo metric data. By using multiplicative correspondence suc- 
cessively, there exist a primitive hypergeometric data and elements Ai, . . . , A a 
such that there exists an isomorphism Q(D) ~ T*Q(D^) for some a G T(R) 
induced by an algebraic correspondence, where D = D © ©" =1 (0, Aj). Let D^ d 
be the reduced part of D^ P K Then there exist Fermat motives F\,F2 such that 
G(D) <g> F x ~ T*^(D^) <g> F 2 for some a G T(R). Therefore there exist a Fer- 
mat motif -F3 and the following isomorphism induced by the composite of algebraic 
correspondences 

(*) G(D)®F 3 ~T*G(D^), 



for some a G boldT(R). By the isomorphism (*), the difference of Mellin trans- 
form of G{D) and G(D^J d ) is a constant. Now we compare cohomological Mellin 
transform of sheaves T and T' on T = T(R'). Since T , T' T \u and T' \u are 
cohomological mixed Hodge complices, there is natural mixed Hodge structure on 
Hom(jF, J 7 ') ~ Q and Hom(jF \u,T' \u) ~ Q. Therefore the restriction map 

Kom(G(D),G(D'))^Rom(G(D) j^, j^) 

is an isomorphism of Hodge structure. Since the right hand side is pure of weigh 
with type (0,0), T and T' are isomorphic as a mixed Hodge complex. Therefore 
the Mellin transform C(JF, x) and C(F', x) of J 7 and JF' coincide for all x G -R" = 
Hom(T, C x ) (g) Q. By the definition of hypergeometric sheaves, there exists an 
isomorphism $ : T ~ T(i?) and : T ~ T(i2') and hypergeometric data D = 
(R, {k}i, {Ki}i) and D' = (R', {Ifa, such that that ^ = and JF' = 

<&'*G(D')- Via the isomorphism $ and <£', we have an isomorphism of ~ i?' ~ 
i?". Under this isomorphism, we identify R, R' and R" . Via this identification, 
cohomological Mellin transform G(D) and G(D') coincide with those of T and T' . 

Therefore the Mellin transform of G{D^ d ) and G{D £} d ) coincide up to constant. By 
using Proposition 8.1, the explicit calculation of the Hodge type of Mellin transform 
oiG{D^ d ) and <?(£>'<»), we have 

r r 
(J2 < <K«t + k(x))> + <~^2<7Ki> 

i=l i=l 

r r 

=(J2 < « +i'i(x))> + <-J2 aK 'i > +c ' 

i=l i=l 



for some constant c, where = (R, {k}, and -D'^ d = (-R, {/•}, {^}). 

Therefore by Proposition 9.1 , hypergeometric data -D^ is equal to D'^ d up to 
permutation. Again using (*), there exists a Fermat motif F 4 and an isomorphism 

G(D) <g> Fx ~ T*G(D') 

induced by an algebraic correspondence. Comparing to the assumption, F\ is a 
Hodge cycle. Since Hom((/(.D), G(D')) is one dimensional, this is equal to the 
original isomorphism up to constant. Since T*G(D) = G(D), implies a = 1, we 



38 TOMOHIDE TERASOMA 

(2) The proof is similar. The isomorphism G{D^} d , ip) \u— G(F> p J d , f/0 \u implies 

E((^+^(x)))) + ((-E^)) = E(^+^x))>> + ((-E^))' 

i=l i=l i=l i=l 

for all t G (Z') x and x G -R <S> (Z( p )/Z) by taking p-adic order of Mellin trans- 
form (Corollary to Proposition 8.2). This implies D^ p J d is equal to D /( f ed up to 
permutation by Proposition 9.1 (2). The rest of the proof is similar to that of (1). 

§ Appendix The proof of Proposition 9.1 (2) 

The following lemma is well known. 

Lemma A.l. Let N be a natural number greater than 2, ip be a additive char- 
acter ofZ/NZ given by ip(x) = exp(27T\/^Ta;/iV). Then for an odd multiplicative 
character x, 

l n ( x , i) = ^H)xH(< ^ > -\) 

m,l=0 

is non-zero. 
Proof. See [BS]. 

From now on we assume that p ^ 2 and N is even. We introduce a set £ (super 
singular divisor of N for p) and S c of divisor of N by 

S = {M \M divides N, the subgroup < p > x of (Z/MZ) X 

generated by p contains -1 ,M^1,2}. 
S c = {M \M divides N, the subgroup < p > x of (Z/MZ) X 
generated by p does not contain -1 ,M^1,2}. 

By definition of (()), we can check the following property. 

(1) «o» = -i 

(2) Ifx^O, = -«*». 

(3) If x G jjZ/Z - with M e S, then ((x)) = 0. 

The properties (1) and (2) is direct consequence from the definition. To show 
(3), use the equality ((px)) = ((x)) and (2). Let Func(S) be the vector space of 
C- valued function on the set S. The natural linear map from Func( j^Z/Z) to 
Func((Z/NZ) x x (-^Z/Z)) is induced by the second projection. Let V be the 
quotient space 

Func{{Z/NZr x (^Z/Z))/Func(^Z/Z). 

We define a linear map <fi from © Ke ^z/z^ K to V defined by 4>{v K ) = ((t(x + k)}}. 
Here ((t(x + k)}} is the class of function on (t,x) G (Z/NZ) X x (^Z/Z) in V. For 
k G -jjZ/jt-Z, M G S U {2} we define an element <tm,k by 



i-i 

o-m,k = 
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where / = N/M. Then a M ,K e Ker(0). In fact, 

i-i 

<f>(<rM,n) = J2^ X + K+ J^ 
i=0 

= ((U(X + K)}}. 

Since lt(x + k) G -^Z/Z, it is if x ^ —k mod -j-Z and — \ if x = —k mod yZ. 
Therefore the class of this function in V is 0. Now we choose a numbering of 
S U {2} = {Mi, . . . , M a } such that the the divisibility Mj | M,- implies j < i. Let 

«i = Eiiv(Mi). 

Proposition A. 2. 

(1) dimIm(</>)>£ MeSc ^(M). 

(2) Let W be the subspace of Ker(0) generated by CM^t^i+s (i = 1, ■ ■ ■ ,a,s = 
1, . . . , if (Mi)), cr 2 ,o and a 2 ,i. Then dim > J2 MeS <p(M) + 2. 

As a consequence, the equalities holds for both (1) and (2) and om,k (k £ i^Z/yZ, 
M & S), a"2,o and 02,1 generates Ker(^). 

Proof. (1). For an element M e <S C , there exists an odd character x of (Z/MZ) X 
such that x(p) = 1- For an element /' e Z/iVZ such that l'(±Z/Z) = j^Z/Z, we 
define a linear map 6>;/ from 1/ to C by 

ei>(f) = N M , v E x (tm'x)f(t,x), 

te(z/NZ)x,xejjZ/z 
where Nm,i> is the normalizing factor; 

Then 6>^ o is calculated as follows. 

e v o =N Mtl , E x{tmi'x)((t(x + «)) 

t€(Z/NZ)*,x£j r Z/Z 

=N Mtl ^(-i' K ) e x(tm'x)((tx)) 

te(Z/JVZ)x,x6-iZ/Z 

=iV M ,*'VH / «) E x(WaO( E «^>» 

te(Z/JVZ)x ,xejfZ/}Z j mod iZ/Z=i 

=N M , v ^-l' K ) E x(tm'x)((tlx)) 

te(z/NZ)x,xej r z/}z 

By changing summation t = toT, ^o^ = £ where to^ = ^ it is equal to 

N m , v ${-1'k) E x(«or)V(iO<W> 

Te(z/j\rz)M£e-&z/z 
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For M G S c , there exist (p(M) elements I' in Z/NZ satisfying (*). By consid- 
ering 9i>, for all M G S c and /' with the condition, we get ^] Me5c <p(M) linear 
homomorphism which is independent on the image of if). In fact the determinant of 
(0i'(vk))(m,1'),k = (V^ - 1' k ))(m,1'),k does not vanish by Van der Monde determinant. 

(2) We have already shown that om,k is contained in Ker(0). Let M G S 
and /' G Z/NZ such that l'(±Z/Z) = j^Z/Z. To show that there exist enough 
independent (Jm,k, we define linear forms 7m,/' for (M, I') satisfying the above 
condition. Since — 1 ^ 1 G (Z/MZ) X , we choose an odd character x of (Z/MZ) X 
Let us define 7m,/' by 

lM,i'{v K ) = N M ,v X(t)4>(l'x)(< t(x + K) > --), 

t6(Z/MZ)x,x6iZ/Z 

where the normalizing factor A/m,Z' is given by the same formula as before. Then 
we can show that 

1m,v{v k ) = i(;(-1'k). 
Let M G S and IM = N . Then we have 

[_1 M 
i=l 

IiP(-I'k) MM\M 
otherwise 

Then for Mj G 5, the determinant of ('Jm^v (crMj,t j - 1 +s))i',s=i,...,i P (M j ) is equal to 

n^H'(ti-i+i)) n^Ho-^H")) 
/' /'</" 

and non-zero. Since 

(7M i ,«'(0'M J -,t J -_i+s))j',s=l,..., v3 (M J -) 

is a zero matrix if z < j. Therefore the matrix 

(7M,l'(ffM,i))(M,0,i=l,..,E„ eS ^(M) 

is a non singular matrix. Moreover, we can see 02,0 and 02,1 is annihilated by all 
7m,/' (M G S) and independent. Therefore we have prove the proposition, last 
statement is the consequence of (1) and (2). 

Now we take a sufficiently large N to prove the independentness of ({t(x + «)))• 

Proof of Proposition 9.1 (2). Let N be an even integer such that Ki G jjZ/Z 
(i = 1, . . . , r). We choose a numbering of S = {Mi, . . . , M a } satisfying the con- 
dition given just before Proposition 9.2. Suppose that ^2 i=1 rrii((t(x + Ki)}} + 
c = 0. Since the equality holds as a function of t G (Z/NZ) X ,x G -^Z/Z, 
modulo constant, Y^i=i m i v Ki i s contained in the submodule generated by cr Mi j 
(i = 1, . . . , a,j = ti-i + 1, . . . , U) and 02,1 and X^o* Vi by Proposition A. 2. Sup- 

„„„„ a.i ™ „. „ _ „„ A „ /v^M/JV-1 //,/ . . . Mi t.\\\\ _ n 
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for ^yZ/Z for sufficiently large C. Let Mi > 2 be a maximal element where 
a Mi,j 7^ 0. We choose C such that the subgroup generated by p in (Z/CMiZ) x does 
not contain — 1. We apply the linear map Qy for V such that l'(-^Z/Z) = -^j^ 
by choosing an odd character (Z/NCZ) X vanishing on the subgroup generated 
by p. Then 0i>(Y l a M t ,j(JM 1 ,j) = Y IK , a M t ,j^CN(-l'j)- Here we used ipNc{x) = 
exp(27T\/— lx/NC). Since the determinant (ipcN(—l , j))i'j=t i - 1 +i,...,t i is n °t zero, 
ciMi,j (j = ti-i + 1, . . . , U) must be 0. Suppose that a J2ie—z/z((^( x + *))) + c = 0. 
This implies a((Ntx)) + c = for all t and x. By putting x = ^(resp. x = 0), we 
have c = (resp. — |a + c = 0). Therefore a = c = 0. This is contradiction. 
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